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Geodesics on strong Kropina manifolds ∗†
By Sorin V. Sabau, Kazuhiro Shibuya and Ryozo Yoshikawa
Abstract
We study the behavior of the geodesics of strong Kropina spaces. The global
and local aspects of geodesics theory are discussed. We illustrate our theory with
several examples.
1 Introduction
The study of local and global behavior of geodesics is one of the main topics in
differential geometry. The characteristic features of the Riemannian manifolds allow a
quite detailed study of this topic, and the literature is exhaustive (see [4], [7], [9], [15] and
many other places).
On the other hand, in Finsler geometry, due to the computational difficulties and other
peculiarities, the results on the geometry of geodesics are by far less well studied than in
the Riemannian setting. In particular, the literature concerning the global behavior of
long geodesics is limited (see [2], [23]).
It is known that a special class of Finsler spaces, namely the Randers spaces, appears
as the solution of Zermelo’s navigation problem. In particular, when the breeze can be
modeled as a Killing vector field of the underlying Riemannian structure, one can describe
in detail the behavior of both short and long geodesics, conjugate locus, cut locus, etc.
(see [2], [20]).
Recently we have shown that Kropina spaces, despite of the fact of being conic Finsler
structures, can be also obtained as solutions of the Zermelo’s navigation problem. See [28]
for a global theory of Kropina metrics followed by a complete classification of the constant
flag curvature Kropina spaces. Indeed, a Kropina space is of constant flag curvature if and
only if its Zermelo’s navigation data is a unit length Killing vector field W on a constant
sectional curvature Riemannian manifold (M,h). Remarkably, unlike the Randers case,
only odd dimensional spheres and the Euclidean space admit Kropina metrics of constant
flag curvature ([28]).
In the present paper we study the geometry of geodesics of a Kropina space with
the fundamental metric obtained by the Zermelo’s navigation problem with navigation
data given by a unit Killing vector field W on a Riemannian manifold (M,h). We call
such a space a strong Kropina space. The Riemannian structure (M,h) does not need to
∗Mathematics Subject Classification (2010) : 53C60, 53C22.
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be of constant sectional curvature. We point out that strong Kropina spaces are conic
Finsler spaces (see [10], [11], [12] and references within for general theory) and therefore
the theory of classical Finsler spaces does not apply. Indeed, geodesics in a Kropina space
are F -admissible curves whose tangent vector is parallel along the curve. In other words,
they are solutions of a certain second order system of differential equations with initial
conditions c(0) = p ∈ M and c˙(0) ∈ Ap, where Ap ⊂ TpM is the conic domain of the
Kropina metric F = α2/β, i.e. the region of TpM where F is well defined as Finsler norm.
We would like to study the geometrical of this special kind of geodesics. We are in special
interested in the local and global behavior of these conic geodesics as well as cut locus
related properties.
We point out that since Kropina metrics are special conic metrics, most of their geo-
metrical properties can be deduced from the general case of conic metrics. Even though
this fact makes our paper mainly a review paper, we hope this paper will be a useful one
for those learning about other Finsler metrics slightly different from the classical one, in
special Kropina type metrics.
The paper is organized as follows.
In §2 we discuss the general theory of Kropina metrics. In §2.1 we recall the con-
struction of Kropina metrics as singular solution of Zermelo’s navigation problem (see
[28]). We point out that unlike the Randers case, the correspondence between the (α, β)-
data and the navigation data (h,W ) is not one-to-one. Since our characterization of
globally defined Kropina metrics is done by means of a globally defined unit vector field
on the manifold M , there are obvious topological restrictions to the existence of such
manifolds (see §2.2). We give here a complete list of differentiable manifolds that admit
non-vanishing vector fields.
In §3 we restrict ourselves to a special family of global Kropina manifolds, namely
the strong Kropina manifolds, obtained as solutions of Zermelo’s navigation problem for
the navigation data (h,W ), where h is a Riemannian metric and W a unit Killing field,
with respect to h, on the base manifold M . Clearly, to the topological restrictions on the
manifold M presented in §2.2, there are curvature restrictions on the Riemannian metric
M for globally strong Kropina metrics to exist. The notion of quasi-regular unit Killing
fields, that is unit Killing fields all of whose integral curves are closed, appears here.
These Killing fields will play an important role in the following sections. A topological
classification of strong Kropina manifolds are obtained in some special cases (see Theorems
3.14 and 3.18).
In §4 we start by showing that the Kropina geodesics are obtained in a similar manner
with the Randers geodesics ([20]), namely by the deviation of a Riemannian geodesic by
the flow of W (see §4.1). We define the exponential map of a conic map in §4.2 and
study its basic properties. Finally, we consider the separation of two points p and q on
the base manifold M , notion similar to the Finsler distance. Due to the conic character
of the metric, obviously there are differences with the classical case (see §4.3). Using the
separation function, the geodesic balls in a strong Kropina manifold can be defined, and
we show that, even though we are working with a conic metric, these balls still give the
topology of the base manifold.
The minimality of short geodesics and a conic version of Gauss Lemma are presented
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in §5.1, and minimality of long geodesics is discussed in §5.2. We explain here that a
Hopf-Rinow type theorem for generic Kropina manifolds is not possible.
One characteristic feature of conic metrics is that they are not geodesically connected,
that is even assuming forward completeness of the metric, for arbitrary chosen two points
p, q the existence of a geodesic segment joining these points cannot be proved. Indeed, we
present in §6.1 the example of the Euclidean space endowed with a strong Kropina metric
F , forward complete, but having points that cannot be joined by F -geodesic segments.
However, in the case when the unit Killing field is quasi-regular we prove that M is
geodesically connected and hence a Hopf-Rinow type theorem can be now formulated
under this assumption (see §6.2). In the following we present the example of strong
Kropina metrics constructed on Riemannian homogeneous spaces (§6.3).
We study the conjugate and cut points along the F -geodesics in §7.
In the final section §8 of the paper we consider some representative examples for the
study of the global behavior of F -geodesics. Besides the Euclidean case, we study here the
geodesics together with their cut locus for sphere (example of positively curved manifold),
cylinder and flat torus (locally Euclidean manifolds). We end the paper with an appendix
that contains some local computations needed to determine the geodesic equation and
some of their properties.
Acknowledgements. We express our gratitude to M. Javaloyes, N. Innami, H. Shi-
mada and K. Okubo for many useful discussions. We indebted to the aonymous referee
whose suggestions and insights have improved the exposition of the paper considerably.
We are also grateful to U. Somboon for her help with some of the drawings.
2 Globally defined Kropina metrics
2.1 Singular solutions to the Zermelo’s navigation problem
Let (M, a) be an n-dimensional Riemannian manifold M , let α(x, y) = |y|a be the
a-length of the tangent vector y = yi ∂
∂xi
∈ TxM and β be a 1-form on M which we
naturally identify with the linear 1-form β = bi(x)y
i on the tangent bundle TM . We
denote hereafter the coordinates on M by x = (x1, . . . , xn) and the natural coordinates
on TM by (x, y) = (x1, . . . , xn; y1, . . . , yn).
We recall that the Finsler metric
(2.1) F (x, y) :=
α2(x, y)
β(x, y)
is called a Kropina metric and it was introduced by V. K. Kropina in 1961 (see [17] and
[1]). This is not a classical Finsler metric, but a conic one, that is F : A → R+ is a
Finsler metric defined on the conic domain A ⊂ TM (see [28]). Here A = ∪x∈MAx and
Ax := A ∩ TxM is given by
(2.2) Ax = {y ∈ TxM : β(x, y) > 0}.
Hence, in order to emphasize the domain of definition A we denote a Kropina space by
(M,F = α2/β : A→ R+).
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We have recently shown [28] that Kropina metrics are singular solutions of the Zer-
melo’s navigation problem. Indeed, in 1931, E. Zermelo studied the following problem:
Suppose a ship sails the sea and a wind comes up. How must the captain steer the ship
in order to reach a given destination in the shortest time?
The problem was solved by Zermelo himself ([30]) for the Euclidean flat plane and by
Z. Shen [24] in a more general setting. This approach turns out to be extremely fruitful in
the study of Randers metrics of constant flag curvature ([3]) and the geodesics’ behavior
in Randers spaces [20]. Its success lies in the fact that Randers metrics F = α+β, where
α and β have the same meanings as above, are solutions of the Zermelo’s navigation
problem in the case when the “underlying sea” is a Riemannian manifold (M,h) and the
“wind” is a time independent vector field W on M such that |W |h < 1. In this case, the
travel-time minimizing paths are exactly the geodesics of an associated Randers metric.
We point out that the condition |W |h < 1 is essential for obtaining a positive definite
Randers metric out of the Zermelo’s navigation problem.
More precisely, solving the Zermelo’s navigation problem is equivalent to finding a
norm F on TxM , or a subset of TxM , such that F (v) = F (u + W ) = 1, where u the
velocity of the ship in the absence of the wind, |u|h = 1, and hence v = u+W is the ship
velocity under windy conditions.
We have considered in [28] a special case of Zermelo’s navigation problem, namely the
case when the wind is h-unitary, i.e. |W |h = 1.
Remark 2.1 An elementary computation shows that
F (x, y) = 1 if and only if |y −W |h = 1,
for any (x, y) ∈ TM such that h(y,W ) > 0.
If we start with a Riemannian manifold (M,h) and a vector field W = W i ∂
∂xi
on M
of h-unit length, then the solution of∣∣∣∣ yF (x, y) −W
∣∣∣∣
h
= 1
is a function of the form
F (x, y) =
|y|2h
2h(y,W )
.
It can be seen that, due to the condition |W |h = 1 everywhere, that is W is nowhere
vanishing on M , the norm F is a Kropina metric defined on the conic domain
(2.3) A = {(x, y) ∈ TM : h(y,W ) > 0}.
Indeed, by putting
(2.4) a(x) := e−κ(x)h(x), β := 2e−κ(x)W ♭,
we obtain the metric
(2.5) F (x, y) =
|y|2h
2h(y,W )
=
α2(x, y)
β(x, y)
,
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where κ(x) is an arbitrary smooth function on M , and W ♭ := (hijW
j)dxi is the 1-form on
M obtained by the Legendre transformation of W with respect to the Riemannian metric
h, or, equivalently the linear 1-form W ♭ = h(y,W ) on TM . One can remark that with
these notations we have b2(x) := |b(x)|2a = 4e−κ(x), where b(x) = (bi(x)).
Conversely, if we start with the Kropina metric (2.1), defined on the conic domain
(2.2), then the Riemannian metric a and the 1-form β induce the navigation data (h,W ),
made of the Riemannian metric h on M and the h-unit vector field W given by
(2.6) h(x) := eκ(x)a(x), and W :=
1
2
eκ(x)β♯,
respectively, where the vector field β♯ is the inverse Legendre transform of the 1-form β
with respect to the Riemannian metric a, and κ(x) = log 4
b2(x)
. Obviously, we obtain the
initial Zermelo’s navigation problem in terms of h and W whose solution is precisely the
Kropina metric (2.5).
W
p
y
u
F (y) = 1‖u‖
h
= 1
(a)
F (y) = 1
y
u
(b)
T
x
M
Figure 1: The Finslerian indicatrix seen from the h-Riemanian perspective (a) and Fins-
lerian perspective (b), respectively.
From geometrical point of view, we observe that the indicatrix of a Kropina metric is
obtained by a rigid translation of the h-Riemannian unit circle in the direction pointed
by W . The resulting indicatrix SAx(1) := {y ∈ Ax : F (x, y) = 1} is an h-Riemannian
unit circle passing through the origin of TxM , fact implying the conicity of the Kropina
metric, see Figure 1 (a), where the norm in TxM is given by h.
If we consider the vector space TxM with the Finslerian norm F , then SAx(1) looks
like a fan in a half open subspace of TxM , see Figure 1 (b). Observe that formula (2.1)
implies F (u) = 1
2 cos θ
, where u ∈ Ax, ||y||h = 1, and θ ∈ (−π2 , π2 ) is the angle between u
and Wx. In this case we obtain the polar equation r =
1
2 cos θ
that is actually the vertical
line x = 1
2
.
Remark 2.2 The navigation data (h,W ), that is a Riemannian metric h on M and an
h-unit vector field W , induces a unique Kropina metric (2.5), and conversely, starting
with a given Kropina metric (2.1), the Riemannian metric a and the 1-form β uniquely
induce the navigation data (2.6).
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However, unlike the Randers case, this is not a one-to-one correspondence between
the navigation data (h,W ) and the (α, β)-data. Indeed, given the (α, β)-data we get a
unique navigation data (h,W ) by (2.6).
Conversely, if starting with the navigation data (h,W ), then we obtain a family of
corresponding (α, β)-data (2.4), depending on a smooth function κ on M .
2.2 The list of manifolds admitting globally defined Kropina
metrics
The description given here of Kropina metrics as solutions of the Zermelo’s navigation
problem is correct only in the case |W |h = 1. Hence we obtain the following characteri-
zation.
Lemma 2.3 A differentiable manifold M admits a globally defined Kropina metric if and
only if it admits a nowhere vanishing vector field X.
Indeed, by normalization using a Riemannian metric h, we obtain the h-unit wind
W := 1√
h(X,X)
X on M , and hence the navigation data (h,W ) that uniquely induces a
Kropina metric.
This requirement imposes immediately topological restriction on the manifolds admit-
ting well defined Kropina metrics and the complete characterization of such manifold is
studied in differential topology.
General notions in differential topology allow us to conclude the following. It is true
that these are classical facts in topology, but since it is hard to find a self contained
monograph containing all these details, we decided to write a systematic description here.
We obtain the following list of manifolds admitting globally defined Kropina metrics.
Theorem 2.4 1. Any compact connected manifold with boundary admits a globally
defined Kropina metric.
2. Any compact connected boundaryless manifold M admits a globally defined Kropina
metric if and only if χ(M) = 0.
3. Any compact connected odd dimensional manifold (regardless it has boundary or
not) admits a globally defined Kropina metric.
4. Any connected non-compact manifold admits a globally defined Kropina metric.
5. If M admits a globally defined Kropina metric, then the product manifold M × N
also admits a globally defined Kropina metric.
6. Every Lie group G admits n = dimG distinct globally defined Kropina metrics, one
of each corresponding to one vector field in a parallelization of G.
7. If M and N are parallelizable, then M × N admits m × n distinct globally defined
Kropina metrics, where m and n are the dimensions of M and N , respectively.
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Corollary 2.5 1. For any manifold M , the topological cylinder R×M admits a glob-
ally defined Kropina metric.
2. Any odd dimensional sphere admits a globally defined Kropina metric.
3. Any compact orientable 3-manifold admits a globally defined Kropina metric.
Remark 2.6 Observe that the existence of a globally defined Kropina metric is equivalent
to the existence of a Lorentz type metric on M since both conditions are actually equiva-
lent to the existence of a nowhere vanishing vector field (see for instance [19], Proposition
37 in chapter 5).
We also recall that this condition reads that M is
1. a compact manifold with vanishing Euler characteristic, or
2. a non-compact manifold,
(see [25] and [16], respectively).
3 Strong Kropina metrics
We will assume in the following that (M,h) is a complete Riemannian manifold. Even
though we don’t need completeness of h for all our results, we can assume completeness
without loosing the generality.
We recall that a smooth vector field W on (M,h) is called Killing if LWh = 0, where
L is the Lie derivative, which is equivalent to
W (h(Y, Z)) = h([W,Y ], Z) + h(Y, [W,Z])
for all smooth vector fields Y , Z on M . Observe that this relation is equivalent to the
coordinates Killing equations (for the covariant components Wi = hijW
j)
Wi|j +Wj|i = 0,
where W = W i ∂
∂xi
, and |i is the covariant derivative of h.
Equivalently, a smooth vector field W on a complete Riemannian manifold (M,h) is
Killing if and only if the flow it generates (i.e. the local one-parameter group of local
diffeomorphisms) Φ is complete and the transformations Φt, t ∈ R, are Riemannian
isometries of h.
A special class of Kropina metrics are the strong Kropina metrics defined as follows.
Definition 3.1 The Kropina metric obtained from the navigation data (h,W ), where W
is an h-unit Killing vector field of (M,h), is called a strong Kropina metric.
Obviously, we have
Lemma 3.2 A manifold M admits a strong Kropina metric if and only if on M there
exists a Riemannian metric h with a unit Killing vector field W.
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We recall a fundamental result about unit length Killing vector fields on a Riemannian
manifold.
Lemma 3.3 ([5]) LetW be a Killing vector field on a Riemannian manifold (M,h). Then
the followings are equivalent:
(i) W has constant length on (M,h).
(ii) W is auto-parallel on (M,h), that is ∇(h)W W = 0, where ∇(h) is the Levi-Civita
connection of h.
(iii) Every integral curve of the field W is a geodesic of (M,h).
Indeed, the main idea behind this result is the following elementary computation
(LWh)(W,Y ) = h(∇(h)W W,Y ) +
1
2
Y (h(W,W ))
for any vector field Y , proving that (i) is equivalent to (ii).
Clearly, there are geometrical and topological obstructions on the manifold M for the
existence of strong Kropina metrics. A necessary condition is that the manifold M is on
the list of differentiable manifolds admitting globally defined Kropina metrics in Theorem
2.4. Sufficient conditions must involve conditions on the Riemannian metric h.
Here are some manifolds that do not admit strong Kropina metrics.
Theorem 3.4 If (M,h) is one of the followings
1. an even-dimensional compact Riemannian of positive sectional curvature, or
2. a Riemannian manifold with negative Ricci curvature,
then M does not admit strong Kropina metrics.
Indeed, it is known that such Riemannian manifolds do not admit nowhere vanishing
Killing vector fields (see [5], Theorem 5 and Corollary 2).
On the other hand, there are a lot of Riemannian manifolds admitting strong Kropina
metrics. One clear candidate to be a unit Killing vector field is a parallel vector field on
the Riemannian manifold (M,h). Indeed, we have
Theorem 3.5 Let W be a non-trivial parallel vector field on the Riemannian manifold
(M,h). Then
(i) The manifold M admits a strong Kropina metric F induced by the navigation data
(h,W ).
(ii) M is a local direct metric product of some 1-dimensional manifold, tangent to the
field W , and its orthogonal complement. Thus, the universal covering M˜ of the
Riemannian manifold (M,h) is a direct metric product M˜ = N × R, where N is
an (n− 1)-dimensional submanifold and the field W˜ (that projects to W under the
natural projection M˜ → M) is tangent to the R direction.
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Indeed, it is easy to see that if W is parallel then we can make it a unit Killing vector
field on (M,h). The second part follows from the well-known de Rham decomposition
Theorem ([5]).
Remark 3.6 We point out that to be a unit Killing vector field is not equivalent to being
parallel. The simplest example are the odd dimensional spheres that have unit Killing
vector fields, but no parallel ones.
Theorem 3.7 Let M be a differential manifold admitting a strong Kropina metric F
induced by the navigation data (h,W ). Then
(i) Ric(W,W ) ≥ 0, where Ric is the Ricci curvature of (M,h).
(ii) The equality Ric(W,W ) = 0 is equivalent to W being parallel on (M,F ).
This follows from [5], Theorems 3 and 4.
Moreover, we have
Theorem 3.8 If (M,h) is a Riemannian manifold of non-positive sectional curvature
and W is a Killing vector field on (M,h), then the followings are equivalent
(i) M has a strong Kropina metric induced by the navigation data (h,W ).
(ii) W is parallel on (M,h).
It follows from Proposition 7 in [5].
In the case M is compact, stronger results can be obtained.
Theorem 3.9 Let (M,h) be a compact Riemannian manifold and W a Killing vector
field on (M,h) such that Ric(W,W ) ≤ 0. Then
(i) W is parallel on (M,h), and Ric(W,W ) = 0.
(ii) M has a strong Kropina metric induced by the navigation data (h,W ).
Indeed, it is known that on such a Riemannian manifold, W is automatically parallel,
and hence it has constant length (see [26]).
Corollary 3.10 If (M,h) is a compact Riemannian manifold of non-positive Ricci cur-
vature, then M has a strong Kropina metric induced by the navigation data (h,W ), where
W is any Killing vector field on (M,h).
Indeed, on such Riemannian manifolds any Killing vector field is parallel and hence of
constant length (see [14]).
Remark 3.11 Observe that h-negative sectional curvature case is not allowed because
such manifolds do not admit strong Kropina metrics. Indeed, for the navigation data
(h,W ) on M , we recall that
Ricx(W,W ) =
1
n− 1
n−1∑
i=1
h(R(W,Zi)W,Zi) =
1
n− 1
n−1∑
i=1
K(W,Zi),
9
where Z1, . . . , Zn is an h-orthonormal basis of TxM such that Zn = W , R and K are the
curvature tensor and the sectional curvature of h, respectively.
Then the h-negative sectional curvature implies Ric(W,W ) < 0, but this is not possible
(see Theorem 3.7).
Proposition 3.12 If (M,F ) is a strong Kropina metric with navigation data (h,W ).
Then the followings are equivalent
(i) The 1-form W ♭ is closed on M , where W ♭ is the Legendre dual of W with respect
to h.
(ii) W is parallel.
(iii) The h-orthogonal vector distribution W⊥ := ∪x∈MW⊥x is involutive, where W⊥x :=
{X ∈ TxM : h(X,W ) = 0}.
Proof. (i)⇒ (ii)
If (M,F ) is a strong Kropina metric with navigation data (h,W ), then the conditions
that W ♭ is closed and W is Killing field give
(3.1)
{
∂Wi
∂xj
− ∂Wj
∂xi
= 0,
∂Wi
∂xj
+
∂Wj
∂xi
− 2γkijWk = 0,
for all i, j, k ∈ {1, 2, . . . , n}, W = W i ∂
∂xi
, and Wi = hijW
j , where γkij are the Christoffel
symbols of the Riemannian metric h. From here we get ∂Wi
∂xj
− γkijWk = 0, that is W is
parallel.
(ii)⇒ (i)
If W is parallel on (M,h), that is
∂Wi
∂xj
− γkijWk = 0, for all i, j ∈ {1, 2, . . . , n},
then by interchanging i and j and subtraction we obtain
∂Wi
∂xj
− ∂Wj
∂xi
= 0, for all i, j ∈ {1, 2, . . . , n},
and hence W ♭ is closed.
(i)⇔ (iii) The use of Frobenius theorem proves this equivalence. ✷
In the 2-dimensional case, a more detailed classification of manifolds admitting strong
Kropina metrics is possible.
Let us recall the following definition
Definition 3.13 ([5])
LetW be a complete Killing vector field of constant length on the Riemannian manifold
(M,h). Then W is called
(i) quasi-regular if all integral curves of W are closed (there might exist closed curves
of different h-lengths);
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(i) regular if it is quasi-regular and all integral curves have the same h-lengths.
Then we obtain the following classification theorem.
Theorem 3.14 Let M be a 2-dimensional manifold admitting a strong Kropina metric
induced by the navigation data (h,W ). Then
(i) The Riemannian surface (M,h) is flat, i.e. M is isometric to one of the manifolds:
Euclidean plane, straight cylinder (in the non-compact case), or flat torus, Mo¨bius
band, Klein bottle (in the compact case).
(ii) In the cases M isometric to Mo¨bius band, Klein bottle, W is quasi-regular.
This follows from Corollary 6 in [5].
A stronger condition is the Killing property.
Definition 3.15 A Riemannian manifold (M,h) is said to have the Killing property if,
in some neighborhood U of each point x ∈ M , there exists an h-orthonormal frame
{X1, . . . , Xn} such that each Xi, i ∈ {1, 2, . . . , n}, is a Killing field. Such a frame is called
a Killing frame.
If the Killing frame is defined globally on M , then (M,h) is called manifold with the
global Killing property.
Remark 3.16 1. A global Killing frame defines a parallelization of (M,h).
2. Every Lie group with bi-invariant Riemannian metric has the global Killing property.
From Proposition 9 in [6] we obtain
Theorem 3.17 Let (M,h) be an n-dimensional simply connected, complete Riemannian
manifold with the local Killing property. Then
(i) (M,h) has the global Killing property.
(ii) (M,h) is a symmetric Riemannian manifold.
(iii) Each of the linearly independent unit Killing fields on M induces a strong Kropina
structure on M .
Observe that due to the Killing property there are infinitely many unit Killing fields
on M and each of them induces a strong Kropina structure.
Remarkably, in this case a complete classification is also possible (see Theorem 11 in
[6]).
Theorem 3.18 Let (M,h) be a simply connected, complete Riemannian manifold. Then
the followings are equivalent
(i) M admits n distinct strong Kropina structures induced from the navigation data
(h,Wi), where {W1, . . . ,Wn} is a global Killing frame.
(ii) M is isometric to a direct product of Euclidean spaces, compact connected simple Lie
groups with bi-invariant metrics, 7-dimensional round spheres (some factors can be
absent).
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4 The geodesics and exponential map of strong Kropina
spaces
4.1 The geodesics equation
In this section, we suppose that the Kropina space (M,F : A → R+) is a globally
defined strong Kropina space, that is, the vector field W is a unit Killing vector field with
respect to h. The existence of such a vector field imposes topological restriction on M as
seen in the previous section.
For any point p ofM , there exist a neighborhood U of p, a positive number ǫ and a local
1-parameter group of local h-isometries ϕt : U −→ M , ϕt(x) = ϕ(t, x), t ∈ Iǫ = (−ǫ, ǫ)
which induces the given W .
Given the h-arclength parameterized Riemannian geodesic ρ : (−ε, ε) → M , with
initial conditions ρ(0) = p, ρ˙(0) = v, we consider the curve
(4.1) P(t) := ϕt(ρ(t)), for any t ∈ (−ε, ε).
By derivation we get
(4.2) P˙(t) = WP(t) + (ϕt)∗ρ(t)(ρ˙(t)), for any t ∈ (−ε, ε),
in particular, t = 0 gives
(4.3) P˙(0) = Wp + v,
and hence we obtain P˙(0) 6= 0 if and only if v 6= −Wp.
Lemma 4.1 If ρ : (−ε, ε)→ M is an h-geodesic on M with initial conditions
(4.4) ρ(0) = p, ρ˙(0) = v 6= −Wp,
then the curve P(t) given by (4.1) is non-degenerate, i.e. P˙(t) 6= 0 for all t ∈ (−ε, ε).
Proof. Since from (4.2) we have P˙(t) = (ϕt)∗ρ(t)(Wρ(t)+ ρ˙(t)), we have only to show that
Wρ(t) + ρ˙(t) 6= 0 for all t ∈ (0, ǫ).
Let us suppose that there exists a t0 > 0 such that ρ˙(t0) and −Wρ(t0) coincide as vectors
of the vector space Tρ(t0)M . SinceW is a unit Killing vector field, the curve ϕ−(t−t0)(ρ(t0))
is an h-unit speed geodesic passing through ρ(t0) with the tangent vector −Wρ(t0) at ρ(t0).
Therefore, we get ρ(t) = ϕ−(t−t0)(ρ(t0)), and from here it follows ρ˙(t) = −Wϕ−(t−t0)(ρ(t0)),
for any t. Putting t = 0, we have ρ˙(0) = −Wϕt0 (ρ(t0)) = −Wp because of ϕt0(ρ(t0)) = p.
This is a contradiction with (4.4). ✷
If ρ is an h-geodesic, subject to the initial conditions (4.4) and P(t) is the curve given
by (4.1), on the strong Kropina manifold (M,F : A→ R+), then we will prove that
(i) P(t) is an F -admissible curve, i.e. P˙(t) ∈ AP(t), for all t;
(ii) F (P(t), P˙(t)) = 1, i.e. P is F -arclength parametrized when we use the same pa-
rameter as on h;
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(iii) P(t) is a geodesic of the strong Kropina metric F induced by the navigation data
(h,W ).
The first claim is easy to prove. Due to (2.3) we need to show that h(P˙(t),WP(t)) > 0.
Indeed, relation (4.2) implies
h(P˙(t),WP(t)) = |WP(t)|2h + h((ϕt)∗ρ(t)(ρ˙(t)),WP(t)) = 1 + h(ρ˙(t)ρ(t),Wρ(t))
= 1 + cos(ρ˙(t)ρ(t),Wρ(t)) > 0,
where we have used that ϕt is an isometry and Lemma 4.1. So (i) is proved.
Using again (4.2) and Remark 2.1, the claim (ii) is obvious.
Finally, one can show that the curve (4.1) is indeed an F -geodesic by some local
computation similar with the Randers case (see [20]), (see Theorem 1.2 in [12] for a more
general case).
It follows that, if ρ : (−ε, ε)→M is an h-arclength parametrized geodesic with initial
conditions (4.4), then the curve P given in (4.1) is an F -arclength parametrized Kropina
geodesic.
Conversely, suppose that a curve P : (−ε, ε) → M is an F -arclength parametrized
Kropina geodesic, that is P satisfied conditions (i), (ii), (iii) above. Then, similarly with
our discussion above, one can see that the curve ρ : (−ε, ε)→ M , ρ(t) = ϕ−t(P(t)) is an
h-arclength Riemannian geodesic on M with initial conditions (4.4).
Therefore, we obtain
Theorem 4.2 Let (M,F = α2/β : A → R+) be a globally defined strong Kropina space
with navigation data (h,W ). Let p be any point of M , and let {ϕt}t∈Iǫ be a local 1-
parameter group of local isometries on (M,h) which generate the unit vector field W .
Then the following two statements hold:
(i) If the curve ρ(t) is an h-geodesic on (M,h) parameterized as |ρ˙(t)|h = 1 and satisfies
the conditions ρ(0) = p and ρ˙(0) 6= −W (ρ(0)), then the curve P(t) := ϕt(ρ(t)),
t ∈ Iǫ, is an F -geodesic of the Kropina space (M,F = α2/β : A → R+) which is
parameterized as F (P(t), P˙(t)) = 1.
(ii) If the curve P(t), t ∈ Iǫ, is an F -geodesic on the Kropina space (M,F ) parameterized
as F (P(t), P˙(t)) = 1, the curve ρ(t) := ϕ−t(P(t)), t ∈ Iǫ, is an h-geodesic on (M,h)
which is parameterized as |ρ˙(t)|h = 1.
Some further computations give us conditions for the Kropina metric F = α
2
β
to be
projectively equivalent to the Riemannian structure a.
Proposition 4.3 Let (M,F : A→ R+) be a Kropina manifold. Then the followings are
equivalent
1. F is projectively equivalent to the Riemannian structure a = (aij);
2. the covariant vector b(x) = (b1(x), . . . , bn(x)) is parallel with respect to the Rieman-
nian metric a;
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3. κ = constant and the covariant vector W (x) = (W1(x), . . . ,Wn(x)) is parallel with
respect to h, where the indices of W are lowered by means of h.
If any of the above statements hold, then the Kropina space (M,F : A→ R+) is strong.
The proof is merely a local computation that can be found in Appendix. The final
statement follows from Lemma 3.3.
4.2 The exponential map
Let (M,F = α2/β : A → R+) be a Kropina (not necessarily strong) space and let
x ∈M .
Let cy : (−ǫ, ǫ)→M be an F -geodesic with the conditions c(0) = x and c˙(0) = y ∈ Ax.
By homogeneity, one has cy(λt) = cλy(t) for any λ > 0, and therefore if we choose a
suitable λ, for example λ = ǫ/2, the curve cλy(t) is defined at t = 1. Hence, there exists
a neighborhood U of 0 in TxM and a mapping Ax ∩ U −→ M, y 7−→ cy(1).
Now, we will give the following definition:
Definition 4.4 Let (M,F = α2/β : A→ R+) be a Kropina space. A Kropina metric F is
said to be forward (resp. backward) complete if every Kropina geodesic c(t) on I = (−ǫ, ǫ)
can be extended to a Kropina geodesic defined on (−ǫ,∞) (resp. (−∞, ǫ)). F is said to
be bi-complete if it is both forward complete and backward complete.
We define the exponential map expx as follows.
Definition 4.5 The mapping expx : Ax −→M defined by
expx(y) := cy(1)
is called the Kropina exponential map at x. In the case F forward complete, expx (ty) is
defined for t ∈ (0,∞).
Clearly, we have
cy(t) = cty(1) = expx(ty), t > 0.
Furthermore, we extend the Kropina exponential map expx at x.
Definition 4.6 The map expx : Ax ∪ {0x} −→ M is defined by
expx(y) =
{
expx(y), (y ∈ Ax),
x, (y = 0x).
We call the Kropina geodesic expx(ty), a radial geodesic.
Due to cy(0) = x, we have cy(t) = expx(ty), t ≥ 0.
Let y ∈ Ax and λ > 0. Since (expx)i(λy) = ciy(λ), we have
∂(expx)
i
∂yk
(λy)λδkj =
∂ciy
∂yj
(λ),
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that is,
∂(expx)
i
∂yj
(λy) =
1
λ
∂ciy
∂yj
(λ).
Note that ciy(0) = x for all y ∈ Ax, and hence
∂ciy
∂yj
(0) = 0.
Therefore, we have
∂(expx)
i
∂yj
(λy) =
1
λ
∂ciy
∂yj
(λ) =
1
λ
(
∂ciy
∂yj
(λ)− ∂c
i
y
∂yj
(0)
)
.
Letting λ −→ +0, we have
lim
λ−→+0
∂(expx)
i
∂yj
(λy) = lim
λ−→+0
1
λ
(
∂ciy
∂yj
(λ)− ∂c
i
y
∂yj
(0)
)
=
∂2ciy
∂yj∂t
(0) =
∂
∂yj
(yi) = δij ,
and hence
lim
λ−→+0
∂(expx)
i
∂yj
(λy) = lim
λ−→+0
∂(expx)
i
∂yj
(λy) = δij .
Next, we will consider the exponential map of a strong Kropina space (M,F = α2/β :
A → R+) with navigation data (h,W ). Using Theorem 4.2 we will relate the Kropina
exponential map to the Riemannian one. Let us denote by ex : TxM −→ M the usual
exponential map of (M,h).
Recall that, for any y ∈ Ax ⊂ TxM , F (x, y) = 1, we have |y − W (x)|h = 1, and
therefore
(4.5) expx (ty) = ϕt ◦ ex
(
t(y −W (x))
)
.
expx
Ax −→ M
(−W )− translation
y xϕt
TxM −→ M
ex
(see Figures 2, 3 below).
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MTxM
x
y −WW
y
Figure 2: The rigid displacement of the h-unit tangent sphere gives the Kropina indicatrix
ShxM := {y ∈ TxM : ||y||h) = 1}
SxM := {y ∈ TxM : F (y) = 1}
P(t) := ϕt(ρ(t))
y −W
W
y
ex(y −W )
ρ(t) := ϕ−t(P(t))
expxy
Figure 3: The exponential map of a strong Kropina space vs the exponential map of the
associated h-Riemannian space.
4.3 Kropina metric balls
We recall some definitions from [10].
If c : [a, b]→ M is an F -admissible curve on a Kropina manifold (M,F = α2/β : A→
R+), that is c˙(t) ∈ Ac(t), t ∈ [a, b], then the F -length of c is defined by
LF (c|[a,b]) =
∫ b
a
F (c(t), c˙(t))dt.
Definition 4.7 Let (M,F ) be a Kropina manifold, and p, q ∈ M . It is said that
p precedes q, denoted p ≺ q, if there exists an F -admissible piecewise C∞-curve from
p to q.
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One can define now the forward and backward F -connected domain of p by
D+p := {q ∈M : p ≺ q} and D−p := {q ∈M : q ≺ p},
respectively, that is the set of points q ∈ M that can be joined to p with F -admissible
piecewise C∞-curves from p to q, or from q to p, respectively. We have preferred this
naming to future and past of p in [10] because it clarifies the geometrical meaning.
Definition 4.8 Let p, q ∈ M be two arbitrary points on M and let ΓFpq be the set of F -
admissible piecewise C∞-curves from p to q. We define the F - separation dF : M ×M →
[0,∞] from p to q by
dF (p, q) =

infc∈ΓFpq LF (c), if ΓFpq 6= ∅
0, if p = q
∞, otherwise .
Even though it can take infinite values, the F -separation can have similar properties
with the distance function of a classical Finsler space (called a quasi-metric in [21]).
Remark 4.9 Despite of the similarities of a separation function with a Finslerian quasi-
metric, there are essential differences as follows. Notice that, in general, dF will take
the infinite value for some pair of points and will also have some discontinuities (see [8],
Theorem 4.5).
We can define the dF -metric forward and backward balls at a point p ∈M by
B+F (p, r) = {q ∈M : ΓFpq 6= ∅, dF (p, q) < r} and
B−F (p, r) = {q ∈M : ΓFpq 6= ∅, dF (q, p) < r},
respectively.
Remark 4.10 ([10])
1. On a strong Kropina space, the binary relation ≺ is transitive.
2. For any p ∈M , the sets D+p and D−p are open subsets of M .
Remark 4.11
Observe that for any p ∈M , locally, always there exists a point q ∈M such that p can be
joined to q by a short F -geodesic. Therefore, D+p 6= ∅, for any p ∈M . Similarly D−p 6= ∅,
for any p ∈ M . We point out that this property is not related to the completeness of
(M,F ) since our considerations here are essentially local ones.
If (M,F ) is a strong Kropina manifold with navigation data (h,W ), then taking into
account Remark 2.1 and Theorem 4.2, we can see that, for any two points p, q ∈ M ,
q ∈ D+p , we have
dF (p, q) = dh(p, q
−) = dh(q, q−),
where q− = ϕ−l(q), and l = dF (p, q).
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Remark 4.12 It can be seen that there exists a relation between the h-length and the
F -length of a vector y ∈ A ⊂ TM . Indeed, due to the Zermelo’s navigation construction
presented in Section 2.1, the tangent Kropina ball BFp (1) := {y ∈ TpM : F (y) < 1} is
naturally included in the h-tangent ball Bhp (2) = B
1
4
h
p (1), i.e. BFp (1) ⊆ B
1
4
h
p (1), that is
(4.6) F (y) ≥ 1
2
||y||h = ||y|| 1
4
h,
for any y ∈ A ⊂ TM (this is called in [10] a Riemannian lower bound for F , see same
reference for a theory of more general lower bounded conic Finsler spaces).
Also observe that for any points p, q ∈ M , we have 1
2
dh(p, q) ≤ dF (p, q). Indeed, if
dF (p, q) = ∞, then the inequality is trivial. In the case dF (p, q) is finite, for any curve
γ ∈ Γp,q from p to q, relation (4.6) implies 12Lh(γ) ≤ LF (γ), where Lh(γ) and LF (γ) are
the integral lengths of γ : [a, b] → M with respect to h and F , respectively. Then, by
using the definition of the infimum, for any ε > 0, there exists a curve γε ∈ Γp,q such that
dF (p, q) > LF (γε)− ε ≥ 1
2
Lh(γε)− ε ≥ 1
2
dh(p, q)− ε,
and the desired formula follows for ε→ 0.
Moreover, B+F (p, ε) ⊆ Bh(p, 2ε) (see Figure 4). Indeed, for any x ∈ B+F (p, ε), that is
dF (p, x) < ε, we have
1
2
dh(p, x) ≤ dF (p, x) < ε
and hence x ∈ Bh(p, 2ε).
xp
Bh(p, ε)
B+F (p, ε)
Bh(p, 2ε)
Figure 4: The Kropina geodesic ball B+F (p, ε) vs the h-geodesic ball Bh(p, 2ε).
The following properties of the Kropina distance follow naturally (compare with the
more general case of an arbitrary conic metric [10]).
Theorem 4.13 Let (M,F ) be a strong Kropina manifold with navigation data (h,W ).
Then we have
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(i) The forward and backward dF -balls are open subsets of M .
(ii) The collection of dF -metric open forward (respectively backward) balls forms a topo-
logical basis of M .
(iii) For sufficient small r > 0, the tangent balls BAp(r)∪SAp(r) = {y ∈ Ap : F (p, y) ≤ r}
and the dF -metric balls B+F (p, r) are mapped each other by the exponential map expp.
Indeed, it is easy to see that if we consider any fixed p ∈ M and r > 0, then for any
x ∈ Bh(p, 2r), there exists two points q, q′ ∈ Bh(p, 2r) and some ε > 0 such that
1. x ∈ B+F (q, ε) ∩ B−F (q′, ε), and
2. B+F (q, ε) ∪ B−F (q′, ε) ⊆ Bh(p, 2r),
(see [10]). The statements in the theorem follows immediately. Observe that the expo-
nential map is surjective in this case.
5 The minimality of Kropina geodesics
5.1 Short geodesics
To begin with, we will formulate and prove the Gauss Lemma for Kropina spaces.
Lemma 5.1 (The Gauss Lemma, Kropina version) Let (M,F = α2/β : A → R+)
be a Kropina space. Let x ∈ M , fix y ∈ Ax and set r = F (x, y). Suppose that expx y
is defined in A. Let T ∈ A denote the velocity vector field of a Kropina radial geodesic
c(τ) := expx(τy), 0 ≤ τ ≤ 1, emanating from x. Fix any instant τ ∈ (0, 1]. Take any
vector V in the tangent space of
SAx(τr) := {y ∈ Ax : F (x, y) = τr}.
Then, at the time location τ of our Kropina radial geodesic, we have the orthogonality
relation:
gT ((expx∗)τyV, T ) = 0.
The proof of the above Lemma is a particular case of Remark 3.20 in [10].
It is a natural question to ask if a Kropina geodesic is an absolute minimum. In this
section, we give an affirmative answer.
Before proving it, we recall a fundamental property (Lemma 2.6 in [27]) of Finsler
metrics
gy(y, w) ≤ F (x, y)F (x, w)
for any y, w ∈ Ax (see also [11], Remark 2.9). Equality holds if and only if w = ky for
some k > 0.
Since we have
gy(y, w) = (gy)ijy
iwj =
1
2
∂F 2(x, y)
∂yj
wj = F (x, y)Fyj(x, y)w
j,
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we obtain
Fyj (x, y)w
j ≤ F (x, w).
We show the following Theorem.
Theorem 5.2 Let (M,F : A −→ R+) be a Kropina space. Let p ∈ M and v ∈ SAp .
Suppose that expp is defined on the BAp(r+ǫ) ⊂ Ap and is diffeomorphism from BAp(r+ǫ)
onto its image, where r and ǫ are positive and
BAp(r + ǫ) := {y ∈ Ap|F (p, y) < r + ǫ}.
Then, each radial Kropina geodesic expp(tv), 0 ≤ t ≤ r, will minimize distance (which
is r) among all piecewise smooth F -admissible curves in M that share its endpoints.
Proof. We will prove this theorem by using expp(tv), but the result can be extended
to the case of expp(tv) as well. Indeed, notice that the curves emanating from p in the
direction tangent to the indicatrix are not F -admissible curves because its tangent vectors
do not belong to Ap (see Definition 4.7 and formula (2.2)).
First, we prove that if c(u), 0 ≤ u ≤ 1, is a piecewise smooth F -admissible curve with
endpoints c(0) = p and c(1) = expp(rv), and if c(u), 0 ≤ u ≤ 1, lies inside expp(BAp(r) ∪
SAp(r) ∪ {0}), then its arclength is at least r.
We must notice that the arclength of the radial Kropina geodesic expp(tv), 0 ≤ t ≤ r,
is r.
Since c(u), 0 ≤ u ≤ 1, lies inside expp(BAp(r) ∪ SAp(r) ∪ {0}), we can express it as
c(u) = expp(t(u)v(u)),(5.1)
where v(u) ∈ Ap and F (p, v(u)) = 1. Taking into account that the end points of c are
c(0) = p and c(1) = expp(rv) = expp(rv), it must follow that
t(0) = 0, t(1) = r, v(1) = v.
We consider the following variation of the Kropina geodesic expp(tv):
H(u, t) := expp(tv(u)),
where 0 ≤ t ≤ r, 0 ≤ u ≤ 1, and put
TH(u,t) := H∗
∂
∂t
=
∂H
∂t
,(5.2)
UH(u,t) := H∗
∂
∂u
=
∂H
∂u
.(5.3)
We can regard as TH(u,t) ∈ π∗A(TM)(H,T ) and UH(u,t) ∈ π∗A(TM)(H,T ).
For each fixed u, TH(u,t) represents the velocity vector of the F -unit speed Kropina
geodesic expp(tv(u)).
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On the other hand, U is represented by
UH(u,t) = expp∗
(
t
dv(u)
du
)
,
where dv(u)
du
is tangent to the indicatrix SAp at v(u).
Then, by the Gauss lemma, we have
gT (U, T ) = 0.
Returning to the curve c, we can rewrite (5.1) as
c(u) = H(u, t(u)),
and hence we have
dc
du
=
∂H
∂u
+
∂H
∂t
dt
du
.
Using (5.2) and (5.3), we obtain
dc
du
= U + T
dt
du
.
Since we suppose that the curve is a piecewise smooth F -admissible curve, dc
du
must
belong to Ac(u). Applying the fundamental property mentioned above, we have
F (c,
dc
du
) = F (c, U + T
dt
du
) ≥ FT i(c, T )
(
U i + T i
dt
du
)
,
that is,
F (c,
dc
du
) ≥ FT i(c, T )U i + FT i(c, T )T i dt
du
.
The first term in the right-hand side is equal to gT (U, T ) = 0 from Gauss Lemma. The
second term in the right-hand side is equal to gT (T, T )
dt
du
= dt
du
since the radial Kropina
geodesic exp(tv) has a constant F -unit speed g(c,T )(T, T ) = 1. Hence, we have the in-
equality
F (c,
dc
du
) ≥ dt
du
.
Therefore, we obtain
L(c) =
∫ 1
0
F (c,
dc
du
)du ≥
∫ 1
0
dt
du
du = t(1)− t(0) = r.
Thus, we prove that if c(u), 0 ≤ u ≤ 1, is a piecewise smooth F -admissible curve with
endpoints c(0) = p and c(1) = expp(rv), and if c lies inside expp(BAp(r) ∪ SAp(r) ∪ {0}),
then its arclength is at least r.
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Next, we consider the case that the curve c(u) does not lies necessarily inside expp(BAp(r)∪
SAp(r) ∪ {0}).
Let us remark that, since the indicatrix SAp(1) of the Kropina space (M,F ) is obtained
by W -translating of the unit sphere of the Riemannian space (M,h), the set SAp(1) is
passing through the origin of TpM , and hence SAp(r) also has the same property. Thus,
using the assumption that expp is diffeomorphism from BAp(r + ǫ) onto its image, the
image expp(SAp(r)∪{0}) of the boundary SAp(r)∪{0} of BAp(r) by expp is closed. Hence
if the curve c(u) does not lies necessarily inside expp(BAp(r)∪SAp(r)∪{0}), it necessarily
intersects the set expp(SAp(r)). Put c(u0) ∈ expp(SAp(r)).
Then, from the argument above the region {c(u)|0 ≤ u ≤ u0} already has arclength
at least r.
Thus we conclude that each radial Kropina geodesic expp(tv), 0 ≤ t ≤ r, will minimize
distance (which is r) among all piecewise smooth F -admissible curves in M that share its
endpoints.
✷
5.2 Long geodesics
We have (see [11], Proposition 3.22 for a more general case)
Theorem 5.3 Let p ∈ M be a point on a connected strong Kropina manifold (M,F )
with navigation data (h,W ), where h is a complete Riemannian metric. If we assume
that expp is defined on the whole Ap, then for any q ∈ expp(Ap), there exists a minimizing
unit speed geodesic expp(ty) from p to q, for some direction y ∈ Ap.
For the proof see the proof of the more general case [11], Proposition 3.22. Also
compare with the proof of the Proposition 7 in [20].
Remark 5.4 Notice that, under assumptions in Theorem 5.3, the existence of an F -
geodesic from p to q does not imply in general that there exists an F -geodesic from q to
p as in the case of a classical Finsler space.
Remark 5.5 One could be tempted to formulate some kind of Hopf-Rinow Theorem at
this stage. Although this is possible, since the separation function dF is not an authentic
Finslerian distance function, we prefer not to do this, but to postpone it for few sections.
6 The geodesic connectedness of Kropina manifolds
6.1 The Kropina geodesics of the Euclidean space
We start with a simple example.
Let (xi) be a global coordinate system of the Euclidean space (En, 〈·, ·〉). We consider
the navigation data (h,W ) on En, where h = (δij) is the canonical Euclidean metric,
and W = C i ∂
∂xi
be a unit Killing vector field on (En, h), that is C i are constants and∑n
i=1(C
i)2 = 1, i.e. ||W || = 1, where || · || is the usual Euclidean norm. Since we are using
the canonical Euclidean metric, Ci = δijC
j = C i, so we can freely lower the indices.
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The flow ϕt : E
n → En of W is given by ϕt(p) = p +Wt, for W = (C1, . . . , Cn) and
any p = (p1, . . . , pn), t ∈ R.
We will consider the strong Kropina space (En, F ) induced by the navigation data
(h,W ), that is
F (p, y) =
||y||2
2〈W, y〉 =
α2
β
,
where h = 〈·, ·〉 is the usual Euclidean inner product.
Since an h-geodesic ρ : R → En emanating from a point ρ(0) = p = (pi) ∈ En with
initial direction ρ˙(0) = a is expressed by
ρ(t) = p+ at,(6.1)
where a = (a1, . . . , an), with h-arclength condition
∑n
i=1(a
i)2 = 1, we obtain the F -
geodesic of (En, F )
P(t) = ϕ(t, ρ(t)) = p+ (a +W )t.(6.2)
The non-degeneracy condition P˙(0) 6= 0 gives a 6= −W . One can easily see that indeed,
|ρ˙(t)|h = 1 if and only if F (P(t), P˙(t)) = 1.
p
Wp
W⊥p
q2
D+pD−p
q1
q3
Wq2
W⊥q2
Figure 5: The Kropina two-dimensional Euclidean space
First thing to remark about this construction is that, given two unit vectors a and W
in En, a 6= −W , then, taking into account that P˙(t) = a +W for any t, we have
〈P˙,W 〉 = |P˙| cos∠(P˙,W ) > 0,
that is ∠(P˙ ,W ) < π
2
. Indeed, an elementary computation shows
〈P˙,W 〉 = 〈a+W,W 〉 = 〈a,W 〉+ 1 = cos∠(a,W ) + 1 > 0
and
||P˙(t)||2 = ||a||2 + 2〈a,W 〉+ ||W ||2 = 2 + 2〈a,W 〉 > 0.
We can summarize the F -geodesics behavior as follows (see Figure 5).
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1. The strong Kropina space (En, F ) is forward geodesically complete, in the sense that
any F -geodesic γ : [a, b]→M can be extended to γ : [a,∞)→ M .
2. There exists a Kropina geodesic from a given point p to an arbitrary point q1 ∈ En,
p 6= q1 if and only if q1 ∈ D+p = {q ∈ En : 〈q − p,W 〉 > 0}, i. e. q1 is in the open
half space of En, determined by the hyperplane W⊥p := {q ∈ En : 〈q − p,W 〉 = 0}
through p, that contains W . Hence dp := dF (p, ·) : D+p → [0,∞) is a well defined
Lipschitz continuous function.
3. If q2 ∈ D−p = {q ∈ En : 〈q − p,W 〉 < 0}, by a similar construction as above, we
can join q2 to p by an F -geodesic, but we cannot join p to q2.
4. If q3 ∈ W⊥p , then it is not possible to join p to q3 nor q3 to p by an F -geodesic. In
other words, for any p ∈ En we can summarize:
(a) D−p ∩ D+p = ∅;
(b) D−p ∪ D+p = En \W⊥p .
As it can be seen from this example, even though the Riemannian metric and the unit
Killing vector field W are both complete, it doesn’t mean that we can join any two points
by an F -geodesic.
6.2 Geodesically connectedness
The following definition is now natural.
Definition 6.1 Let (M,F ) be a strong Kropina manifold. A subset D ⊂M ofM is called
F -admissible pathwise connected (resp. F -geodesically connected), or simply F -connected,
if for any pair of points p, q ∈ D, there exists an F -admissible piecewise C∞-curve (F -
geodesic) joining p and q.
Observe that, due to the nature of Kropina merics, in the case of connectedness we
may actually have a geodesic from p to q or one from q to p, but not neccesarily both.
Such kind of connected space could be called weak geodesically connected (this definition
was suggested by the referee).
The Hopf-Rinow Theorem for classical Finsler manifolds says that if (M,F ) is geodesi-
cally complete, then there exists an F -geodesic between any two points, that is (M,F ) is
geodesically connected. Obviously this is not true any more for Kropina metrics as the
example above shows.
This leads us to the fundamental question: are there any geodesically connected Kropina
spaces?
In the following we will study the characterization of such spaces.
Proposition 6.2 Let (M,F ) be a strong Kropina space with the navigation data (h,W ),
where h, and hence W , are complete, and let p, q ∈ M be two different points on M .
Then, the followings are equivalent
(i) There exists a minimizing Kropina geodesic from p to q.
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(ii) The mapping δ : [0,∞) → (0,∞), δ(τ) := dhp ◦ ϕ−τ (q) has a fixed point, where
dhp : M → [0,∞), dhp(q) = dh(p, q) is the Riemannian distance function from p, and
ϕt(q) is the flow of W through q parametrized such that ϕ0(q) = q.
Proof. (i)⇒ (ii)
q− q
p
ϕq
Pρ
Figure 6: Constructing an F -geodesic from p to q via q−1 = ϕ−l(q) = ρ(l).
Let points p and q be as in hypothesis and assume there exists a minimal F -unit speed
Kropina geodesic P : [0, l]→ M from p to q, that is P(0) = p, P(l) = q.
Then, from Theorem 4.2 it follows that there exists an h-unit speed Riemannian
geodesic ρ : [0, l]→ M , from p, that is ρ(0) = P(0) = p given by ρ(t) = ϕ−t(P(t)). Since
we can use the same parameter on both geodesics ρ and P (see Remark 2.1), we can easily
see that q = P(l) = ϕl(ρ(l)) implies the existence of a point q− := ϕ−l(q) and hence
ρ(l) = q− = ϕ−l(P(l)) = ϕ−l(q),
that is δ(l) = l and we have obtained a fixed point for δ.
(ii)⇒ (i)
Conversely, we assume that there exists τ0 > 0 such that δ(τ0) = τ0. Observe that
δ(0) = dh(p, q) > 0.
In other words, there exists a point q− := ϕ−τ0(q) on the integral curve of W through
q. We consider the h-unit length geodesic ρ : [0, τ0]→ M from p = ρ(0) to q− = ρ(τ0).
Then P(t) := ϕt(ρ(t)) is an F -unit speed Kropina geodesic from p to q (see Figure 6).
Observe that P˙(0) = ρ˙(0) +Wp.
The only thing we have to prove is the F -admissibility of this P, that is ρ˙(0) 6= −Wp.
It is enough to verify this at t = 0 (see Lemma 4.1), i.e. h(P˙(0),Wp) > 0.
Indeed, if we assume ρ˙(0) = −Wp, then it follows that ρ is an integral curve of −W , or,
equivalently, an integral curve of W , in other words, p must be on the integral curve of W
through q−. By construction we have ϕτ0(q
−) = p. On the other hand, from q− := ϕ−τ0(q)
we have ϕτ0(q
−) = q. It follows that p = q.
This is not possible by hypothesis, so we have got a contradiction, hence P is F -
admissible.
The fact that P is F -unit speed geodesic follows from construction. ✷
We observe that there are points on M that cannot be joined with F -geodesics.
Here is our main result of this section
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Theorem 6.3 Let (M,F ) be a forward complete strong Kropina space with the navigation
data (h,W ), where h is complete and W is a quasi-regular unit Killing vector field.
Then, we can join a point p to any point q by a minimizing F -unit speed Kropina
geodesic.
Proof. By hypothesis, all integral curves of W are simple closed geodesics, even though
they might not be of same length (see Definition 3.13). In any case, the mapping δ
defined in Proposition 6.2 is defined on the compact set [0, 2πc], where c := 1
2π
Lh(ϕt(q)),
if l0 = d
h(p, q) is less than the h-length of the closed integral line of W through q, or
on [0, 2nπc] for some positive integer n chosen such that l0 is less than the h-length of
ϕ([0, 2nπc], q). This is always possible by passing to the universal cover ofM , for example.
Now, observe that in our hypotheses, (M,h) is complete Riemannian manifold.
For the sake of simplicity we assume n = 1, that is l0 < 2πc. From l0 = δ(0) = δ(2πc)
it follows 0 < δ(0) = δ(2πc) < 2πc. Since δ is continuous, it must exists a τ0 such that
δ(τ0) = τ0 , hence there exists an F -geodesic from p to q due to Proposition 6.2 (see
Figure 7).
2πc
2πc τ
l0 = δ(0) δ(2π)
τ0
δ
Figure 7: The fixed point τ0 of δ.
✷
Corollary 6.4 If (M,F ) is a forward complete strong Kropina space with navigation data
(h,W ), where h is complete and W is a quasi-regular unit Killing vector field, then the
separation function dF is a non-symmetric distance function on M , and hence (M, dF ) is
a non-symmetric metric space.
Indeed, since for any points p, q ∈ M there is a minimizing F -unit speed geodesic
from p to q from Theorem 6.3, dF (p, q) can be defined as usual. The positivity, positive
definiteness and triangle inequality of dF naturally follow. Clearly, dF doesn’t need to be
symmetric.
Under the hypotheses of the Corollary above, since (M, dF ) is a metric space, we
can define the notions of convergent sequences, forward (backward) Cauchy sequences of
points on M as usual (see for instance [2]). Such a metric space (M, dF ) will be called
forward (backward) complete if every forward (backward) Cauchy sequence is convergent,
respectively.
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A Hopf-Rinow Theorem for strong Kropina spaces can be now formulated (see [11],
Theorem 3.22 for a more general case).
Theorem 6.5 Let (M,F : A→ R+) be a connected strong Kropina manifold with naviga-
tion data (h,W ), where W is a quasi-regular unit Killing vector field. Then the followings
are equivalent
(i) The non-symmetric metric space (M, dF ) is forward complete (as metric space).
(ii) The Kropina manifold (M,F ) is forward geodesically complete.
(iii) For any p ∈ M the exponential map expp is defined on the whole Ap ⊂ TpM .
(iv) Any closed and forward bounded subset in (M, dF ) is compact.
Moreover, if one of the above holds, then for any pair of points in M can be joined by a
minimizing geodesic.
Proof. First, suppose that (i) holds. Let P(t), a ≦ t < b, be a maximally forward
extended F -unit speed geodesic. We will show that b = ∞. So, we suppose that b 6= ∞.
Then we have an increasing sequence {ti} in [a, b) converging to b. So, there exists an
integer N such that
N < i < j =⇒ tj − ti < ǫ
for any ǫ > 0.
Since P(t) is an F -unit speed geodesic, we have
i < j =⇒ dF (P(ti),P(tj)) < tj − ti.
From the above two properties, it follows that there exists a positive integer N such
that for any ǫ > 0
N < i < j =⇒ dF (P(ti),P(tj)) < ǫ,
that is, {P(ti)} is a forward Cauchy sequence. Then, from (i), it follows that {P(ti)}
converges to q ∈M . Define P(b) = q. From the theory of ordinary differential equations,
it follows that P(t) is defined on a neighborhood of t = b. This is a contradiction with
the properties of b. Hence it follows that b =∞, that is, (ii) follows.
Secondly, suppose that (ii) holds. Then (iii) automatically follows.
Thirdly, suppose that (iii) holds. Let N be a closed and forward bounded subset of
(M, dF ). Since N is a forward bounded subset, there exists a point p ∈M and r > 0 such
that
N ⊂ B+F (p, r).
For each q ∈ N , there exists vq ∈ Ap such that expp (tvq), 0 < t ≦ 1, is a geodesic from
p to q. The collection of all vq is a subset N of Ap. This subset is bounded because
F (p, vp) = dF (p, q) < r, that is, N is contained in the compact set B
F
p (r) ∪ Sp(r). Hence
N = exppN is a closed set contained in the compact set expp
(
BFp (r) ∪ Sp(r)). Therefore,
N is a compact set and (iv) follows.
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Lastly, suppose that (iv) holds. Let {pi} be a forward Cauchy sequence in (M, dF ).
Then there exists a positive integer N such that for any ǫ > 0
N < i < j =⇒ dF (pi, pj) < ǫ.
So, for any i(> N) the inequality
dF (p1, pi) ≦ dF (p1, pN+1) + dF (pN+1, pi) < dF (p1, pN+1) + ǫ
holds, that is, the Cauchy sequence {pi} is forward bounded. This closure, denoted by
A, is also forward bounded and of course a closed set. Hence, from the assumption (iv)
A is compact.
We will show that the sequence {pi} contains a convergent subsequence. To do so, we
suppose that it has no convergent subsequence. Then for each p ∈ A there exist a point
p ∈ D+ and a small forward metric ball B+F (p, rp) ∋ p which contains no point of {pi}
except p. These forward balls are open set and cover A. Since A is compact, the finite
number of them covers A. Each of the finite sub-covering can contain at most one point
of the sequence {pi}. This means that the point set of the sequence is finite. There is at
least one convergent subsequence, and this is a contradiction. Therefore, it follows that
the sequence {pi} contains a convergent subsequence.
Let denote the above convergent subsequence as {pα}. Say it converges to some q ∈ A.
We will show that the sequence {pi} converges to q. Since the sequence {pi} is a
forward Cauchy sequence, there exists a positive integer N1 such that
N1 < i < j =⇒ dF (pi, pj) < ǫ
2
.
Furthermore, since the subsequence {pα} converges to q, there exists a positive integer
N2 such that
N2 < α =⇒ dF (pα, q) < ǫ
2
.
Choose an integer N such that N > max{N1, N2}, we get
N < i =⇒ dF (pi, q) < dF (pi, pN) + dF (pN , q) < ǫ
2
+
ǫ
2
= ǫ.
Therefore the Cauchy sequence {pi} converges to q. ✷
Remark 6.6 Let us recall that the Poincare´ conjecture (see [13]) states that every com-
pact connected simply connected 3-dimensional manifoldM is homeomorphic to the three-
dimensional sphere S3. Observe that since we are in dimension three, M is actually
diffeomorphic to S3.
Therefore M admits a Riemannian metric h and a unit quasi-regular Killing vector
field W (see [5] for the construction of these). By using Theorem 6.5 to M it follows that
every compact connected simply connected 3-dimensional manifold M , i.e. a manifold
homeomorphic to S3, admits a strong Kropina metric which is geodesically connected
(see also [28]).
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6.3 Strong Kropina metrics on Riemannian homogeneous spaces
We end this section with another example.
It is known that even dimensional Riemannian homogeneous spaces (M,h) of constant
positive curvature are isometric either to an even dimensional sphere S2n, or to a real
projective space, and in these cases, M does not carry a quasi-regular Killing field of
constant length.
Remark 6.7 We recall that a homogeneous Riemannian manifoldM of dimension m ≥ 2
has constant sectional curvature one if and only if M = Sm/Γ, where Sm is the round
sphere of unit constant sectional curvature, and Γ is some discrete group of Clifford-Wolf
translations.
It is also known that such a Γ is isomorphic either to a cyclic group, or to a binary
dihedral group, or to a binary polyhedral group (see [29]). Clearly, for Γ = {I} and
Γ = {±I} the space M = Sm/Γ is an Euclidean sphere and a real projective space,
respectively (here I is the antipodal map).
On the other hand, in the odd dimensional case, there are situations where we can
construct geodesically connected strong Kropina manifolds.
Proposition 6.8 Let Γ be a cyclic group of Clifford-Wolf translations on an odd dimen-
sional sphere S2n−1, n ≥ 2, of constant sectional curvature, which is distinct from the
groups Γ = {I} and Γ = {±I}.
Then, the homogeneous space M = S2n−1/Γ, admits geodesically connected strong
Kropina manifolds.
Indeed, under our hypotheses, the Riemannian homogeneous space M = S2n−1/Γ
admits a quasi-regular Killing field W of constant length. For its effective construction
see the proof of Proposition 13 in [5].
Moreover, we have
Proposition 6.9 Every homogeneous Riemannian space M = S4n−1/Γ admits geodesi-
cally connected strong Kropina manifolds, where Γ is a discrete group of Clifford-Wolf
translations of S4n−1, which is isomorphic either to a binary dihedral group, or to a bi-
nary polyhedral group.
7 Conjugate and cut points
7.1 Conjugate points
Let (M,F = α2/β : A→ R+) be a globally defined forward complete strong Kropina
space with navigation data (h,W ).
For any point p ∈ M , we will consider the correspondence between the conjugate
points of p with respect to the Riemannian metric h and the conjugate points of p with
respect to the Kropina metric F .
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Let P(t) : [0, l] −→ M denote an F -unit speed geodesic such that P(0) = p and
P(l) = q
F
. The curve ρ(t) := ϕ−t(P(t)) is the corresponding h-geodesic in (M,h) (see
Theorem 4.2).
Suppose that ρ(l) = qh is conjugate to p along ρ. Then, there exists a Jacobi field J
along ρ such that J(0) = J(l) = 0. There exists a geodesic variation ρs : [0, l] −→ M ,
−ǫ < s < ǫ, of ρ = ρ0 with the variational vector field
∂ρs
∂s
∣∣∣∣
s=0
= J,
(see for eg. Proposition 2.4 in [9]).
We will construct an F -admissible Kropina geodesic variation by using the above
Riemannian geodesic variation. Since ρs(t) is a geodesic, |ρ˙s(t)|h is constant along ρs(t).
So, we put |ρ˙s(t)|h = v(s). To reparametrize the ρs(t) so that the composition with ϕt is
a Kropina geodesic, we put t = u/v(s) and
ρ˜s(u) := ρs(
1
v(s)
u) = ρs(t), −ǫ < s < ǫ.
Hence, we get | ˙˜ρs(u)|h = 1.
Furthermore, since we have P˙(t) 6= 0, we get ρ˙(t) 6= −W (ρ(t)). So, we can suppose
that for a sufficiently small ǫ > 0 the tangent vector ˙˜ρs(u), −ǫ < s < ǫ, is not −W (ρ˜s(u)).
Therefore, we get Kropina geodesics
P˜s(u) := ϕu(ρ˜s(u)) = ϕv(s)t(ρs(t)) =: Ps(t), −ǫ < s < ǫ.
Since the geodesic P˜s(u) is F -unit constant speed, the geodesic Ps(t) must have the F -
speed v(s).
We consider the F -geodesic variation Ps(t), −ǫ < s < ǫ, of P(t) = P0(t). Denoting a
Jacobi field along P(t) by J , we have
(7.1) J (t) := ∂Ps(t)
∂s
∣∣∣∣
s=0
= (v′(0)WP)t + (dϕt)(J),
where dϕt denotes the differential of ϕt.
Since v(s) =
√
h(ρ˙s(t), ρ˙s(t)), we get
v′(s) =
h(ρ˙s(t),
δρ˙s(t)
δs
)√
h(ρ˙s(t), ρ˙s(t))
=
h(ρ˙s(t),
δ
δt
∂ρs(t)
∂s
)√
h(ρ˙s(t), ρ˙s(t))
.
Putting s = 0, we get
v′(0) =
h(ρ˙(t), δ
δt
J(t))√
h(ρ˙(t), ρ˙(t))
=
δ
δt
h(ρ˙(t), J(t))√
h(ρ˙(t), ρ˙(t))
.
Since the Jacobi field J satisfies the conditions J(0) = 0 = J(l), it follows that h(ρ˙(t), J(t)) ≡
0 for all t ∈ [0, l] (see for e.g. Corollary 3.7 in [9]). Hence, we get v′(0) = 0. Therefore,
the equation (7.1) reduces to
J = (dϕt)(J).
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Since ϕt is an isometry, it follows that the Jacobian dϕt is nonsingular. Hence, J vanishes
if and only if J does. In particular, J is non-zero and J (0) = 0 = J (l). Equivalently,
q
F
= P(l) is conjugate to p = P(0) along P with respect to F .
By the above argument, we proved the following :
Suppose that P : [0, l] −→ M is an F -unit speed geodesic with the associated Rie-
mannian geodesic ρ. Then, P(l) is conjugate to P(0) with respect to F whenever ρ(l) is
conjugate to ρ(0) with respect to h.
In a similar way to the above proof, we can show the converse statement :
Suppose that ρ : [0, l] −→ M is an h-unit speed geodesic with the associated Kropina
geodesic P. Using the above result, it follows that ρ(l) is conjugate to ρ(0) with respect to
h whenever P(l) is conjugate to P(0) with respect to F .
Summarizing the above discussion, we get
Theorem 7.1 Let (M,F = α2/β : A → R+) be a globally defined strong Kropina space
with navigation data (h,W ).
Suppose that there exists a one-parameter group {ϕt} of isometries on (M,h) which
generates the unit Killing vector field W and that P : [0, l] −→ M is an F -unit speed
geodesic of the Kropina space (M,F ).
Then, P(l) is conjugate to P(0) along P with respect to F if and only if ρ(l) is
conjugate to ρ(0) along the h-Riemannian geodesic ρ(t) := ϕ−t(P(t)).
7.2 Cut points
Similarly with the classical Finsler manifolds, if a unit speed (non-constant) geodesic
segment P : [0, l] → M is maximal, as geodesic segment, then the point q := P(l) is
called a cut point of the point p := P(0) along the F -geodesic P (see [2] and [22] for
classical case).
The cut locus of p, denoted by Cp is the set of all cut points along all non-constant
F -geodesic segments from p.
Remark 7.2 In the case of a classical Finsler manifold, the following basic properties of
the cut locus are well-known ([2], [22])
1. p /∈ Cp.
2. If a point q ∈ M admits (at least) two geodesic segments from p of equal length,
then q ∈ Cp.
3. If q ∈ Cp then one of the following situations happens
(a) q is conjugate to p, or
(b) there exist (at least) two geodesic segments from p to q of equal length.
We point out that these properties are not true in the case of a generic Kropina manifold
as will be seen in the examples below.
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Proposition 7.3 Let (M,h) be a complete Riemannian manifold and let (M,F : A →
R+) be a strong Kropina manifold with navigation data (h,W ), whereW is a quasi-regular
Killing field.
Then any two points p, q ∈M can be joined by a globally F -length minimizing geodesic.
Proof. The completeness of the Riemannian metric h implies that, for any x ∈ M , the
h-exponential map ex is defined on whole TxM (Hopf-Rinow Theorem for Riemannian
manifolds).
On the other hand, remark that W is complete vector field on M .
Using (4.5) it follows that, for each x ∈M , the F -exponential map expx is defined in
whole Ax ⊂ TxM and hence (M,F ) is complete. Theorem 6.5 implies that any two points
on M can be joined by a globally F -length minimizing geodesic as stated. ✷
Remark 7.4 Taking into account that W is a unit Killing field it results that P(t) =
ϕt(ρ(t)), t ∈ [0, l], is a global minimizer of F -path lengths from p = P(0) to q = P(l) if
and only if the corresponding h-geodesic ρ(t), t ∈ [0, l], is a global minimizer of h-path
lengths from p = ρ(0) to qˆ = ρ(l).
It follows
Proposition 7.5 Let (M,h) be a complete Riemannian manifold and let (M,F : A →
R+) be a strong Kropina manifold with navigation data (h,W ), where W is a unit Killing
field.
Then the point q = P(l) is an F -cut point of p = P(0) along the F -geodesic segment
P(t) if and only if qˆ = ρ(l) is an h-cut point of p = ρ(0) along the h-geodesic segment
ρ(t).
8 Examples
The results presented in the previous sections can be used for constructing complete,
geodesically connected strong Kropina spaces.
8.1 Odd dimensional spheres
8.1.1 The action of S1 on S2n−1
Let M = S2n−1 be the round sphere in R2n with the canonical induced metric h. We
regard S2n−1 as the subset
S
2n−1 = {z = (z1, z2, . . . .zn) ∈ Cn : ||z|| = 1}
of the complex space Cn(= R2n), n ≥ 2, with the canonical Hermitian norm.
We define the action of S1 on S2n−1 as follows
(8.1) ϕ : S1 × S2n−1 → S2n−1, ϕ(s, z) = (sa1z1, sa2z2, . . . , sanzn), s = eit,
where a1 ≥ a2 ≥ · · · ≥ an are some (positive) real constants. It is easy to see that this is
an isometric action of S1 on S2n−1 with respect to h.
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The vector field generated by this action is
Wz = i(a1z1, a2z2, . . . , anzn).
Remark 8.1 In the case S3 ⊂ C2 = R4, the action ϕ : S1 × S3 → S3 can be written as
ϕt(x) =

cos a1t − sin a1t 0 0
sin a1t cos a1t 0 0
0 0 cos a2t − sin a2t
0 0 sin a2t cos a2t


x1
x2
x3
x4
 ,
where z1 = x1 + ix2, z2 = x3 + ix4, and x = (x1, x2, x3, x4) ∈ S3.
In this case, we obtain
Wx =

0 −a1 0 0
a1 0 0 0
0 0 0 −a2
0 0 a2 0


x1
x2
x3
x4
 .
In the special case a1 = a2 = · · · = an = 1 it follows W is an h-unit Killing vector field
on the round sphere S2n−1, and hence we obtain the navigation data (h,W ) that induces
a strong Kropina metric on S2n−1. We will call in the following (h,W ) and the induced
strong Kropina metric the canonical navigation data and the canonical Kropina metric of
S
2n−1, respectively.
8.1.2 The geodesics on the round sphere (S2n−1, h)
On the round sphere (S2n−1, h), for a point z = (z1, z2, . . . .zn) ∈ S2n−1 and a tangent
vector v = (v1, v2, . . . , vn) ∈ TzS2n−1, ||z|| = ||v|| = 1, the h-geodesic ρ : [0, 2π] → S2n−1
with initial conditions (z, v) is the great circle
ρ(t) = z cos t + v sin t.
Clearly, the h-geodesics are 2π-periodic and minimizing from p to its antipodal point.
8.1.3 The geodesics of (S2n−1, F )
By using the expressions given already for the h-geodesics and the flow ϕ we obtain the
F -geodesics of the canonical Kropina metric on S2n−1 by means of Theorem 4.2.
Indeed,
(8.2) P(t) = ϕt(ρ(t)) = s(t)(z cos t + v sin t),
where s(t) = cos t + i sin t ∈ S1, and (z, v) are the initial conditions of the h-geodesic ρ.
Remark 8.2 In the case of S3 we get
P(t) =

cos t − sin t 0 0
sin t cos t 0 0
0 0 cos t − sin t
0 0 sin t cos t


x1 cos t + v1 sin t
x2 cos t + v2 sin t
x3 cos t + v3 sin t
x4 cos t + v4 sin t
 .
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Returning now to the general case, observe that P(0) = s(0)z = z = ρ(0) and P˙(0) =
iz + v = Wz + ρ˙(0) as expected. Remark that in order to get F -admissible geodesics we
need to impose condition v 6= −iz.
We also observe that
〈P˙(0),Wz〉 = 1 + 〈v,Wz〉 > 0,
where 〈·, ·〉 is the Euclidean inner product in R2n.
8.1.4 The geodesic connectedness of the canonical strong Kropina manifold
(S2n−1, F )
Let us fix two points p and q on S2n−1 and ask the question whether we can always join
these two points by an F -geodesic.
Since (S2n−1, h) is the round sphere it has sectional curvature K = 1 and the flow ϕ
is a smooth free isometric action of S1 on S2n−1, so it follows that the strong Kropina
manifold (S2n−1, F ) with canonical metric is forward geodesically connected.
Firstly, in the case p is not on the integral line of W through q, we consider q− =
ϕ(−l, q) on the flow through q, where l = d(p, q), and let ρ denote the h-geodesic from p
to q−. Then P : [0, l]→ S2n−1, P(t) = ϕ(t, ρ(t)) is the desired F -geodesic from p to q.
Secondly, if p ∈ ϕ((−∞, 0), q), then the F -geodesic from p to q coincides as points set
with ϕ([−l, 0], q).
Thirdly, for p ∈ ϕ((0,∞), q), clearly there is no geodesic going against the wind, but
using the periodicity of W we can see that p = ϕ(2π− l, q) and hence we can reduce this
case to the precedent one.
Remark 8.3 Recall that in the case of a smooth effective almost-free (or pseudo-free)
action of S1 on a manifold M we can construct a Riemannian metric h˜ such that the
generated vector field W is unit length.
In the case M = S2n−1, n ≥ 2, for any ε > 0 there exists navigation data (hε,W ),
where
(i) hε is a (real analytical) Riemannian metric on S
2n−1 all of whose sectional curvatures
differ from 1 by at most ε;
(ii) W is a unit Killing vector field with closed integral lines
(see Theorem 20 in [5]). In this case, the constants ai in (8.1) do not necessarily need to
be all equal to one.
We can conclude
Theorem 8.4 For any pseudo-free action of S1 on S2n−1 there exists a strong Kropina
metric on S2n−1 which is forward complete and geodesically connected, respectively.
Remark 8.5 The forward complete, forward geodesically connected canonical strong
Kropina manifold S2n−1 have the properties
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(i) All geodesics of F are closed. Indeed, one can easily see that{
P(0) = P(π) = P(2π) = z,
P˙(0) = P˙(π) = P˙(2π) = iz + v.
( If a1, . . . , an are not equal to 1, then they must be rational numbers, such that all
geodesics of F close.)
(ii) It is of constant positive sectional curvature.
(iii) For the canonical strong Kropina metric, one can see that the F -length of a great
circle is π.
(iv) In the case ρ(t) is an h-geodesic of S2n−1 invariant under the flow of W , then the
resulting Kropina geodesic is just a reparametrization of ρ.
If we take into account that for a given point z ∈ S2n−1, its h-conjugate point, that is
the h-cut locus of z, is the antipodal point and Corollary 7.5, we obtain
Proposition 8.6 In the canonical strong Kropina space (S2n−1, F ), the F -conjugate and
the F -cut point of a point z ∈ S2n−1 is the point z itself.
Remark 8.7 Observe that this proposition provides a counter-example to the first prop-
erty of the cut locus of a classical Finsler manifold enumerated in Remark 7.2.
8.2 Locally Euclidean spaces
We will consider now the case of locally Euclidean spaces, that is Riemannian manifolds
(M,h) of zero sectional curvature.
In this case it is known that M is the Euclidean space Rn or is a quotient space Rn \Γ
of the Euclidean space by the action of some discrete free isometry group Γ (see [29]).
In the two dimensional case the cylinder, the torus, the Mo¨bius band and Klein bottle
enters in this category. Observe that our results in Section 3 show that in the case of
zero sectional curvature, M admits a strong Kropina metric if and only if W is parallel
on (M,h).
We will recall some basics about locally Euclidean spaces.
1. The case (M,h) = (Rn, δ).
It is known that the full isometries group of (Rn, δ) is isomorphic to the semi-direct
product group
O(n)⋉ V n = {(A, a) : A ∈ O(n), a ∈ V n}
of combined rotations and translations. Since the vector group V n of parallel translations
in Rn is a normal subgroup of the isometries group Isom(Rn, δ) of (Rn, δ) it is natural to
define the epimorphism
d : Isom(Rn, δ)→ Isom(Rn, δ)/V n = O(n).
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An isometry f ∈ Isom(Rn, δ) can be written as
f = (A, a) ∈ O(n)⋉ Rn
in the sense that f : Rn → Rn, x 7→ f(x) = A · x+ a.
It is also known that an arbitrary Killing field on (Rn, δ) is given by X = (C,w), where
w ∈ Rn and C is a skew-symmetric n× n matrix. Recall that Proposition 9 in [5] tells us
that the Killing field X = (C,w) is invariant under the isometry f = (A, a) if and only if
(8.3)
{
[A,C](x) = 0, for all x ∈ Rn, and
C · a + w = A · w.
In particular, if C = 0 (i.e. X is a translation only), then the condition (8.3) simplifies
to A · w = w.
2. The case (M,h) = (Rn \ Γ, h).
Here Γ ⊂ Isom(Rn, δ) is a discrete free isometry subgroup. In this case, the existence
of a unit length non-trivial Killing field on M is equivalent to the existence of a non-
zero vector a ∈ Rn, which is invariant under the group dΓ = {df : f ∈ Γ}, where d is
the epimorphism defined above (see [5] for details). Each such vector field on M is the
projection of a parallel vector field X = (0, a) on Rn, where a is invariant under dΓ (see
Proposition 10 in [5] ).
Remark 8.8 There exist three dimensional compact orientable locally Euclidean mani-
folds M all of whose Killing fields are trivial.
We recall that among locally Euclidean spaces, the spaces of the form Rm×T l, where
T l is an l-dimensional torus are symmetric Riemannian manifolds, so they cannot admit
quasi-regular Killing fields of constant length.
In the two dimensional case, it is known that the Mo¨bius band and Klein bottle admit
such fields along many other non-homogeneous locally Euclidean spaces. All these admit
geodesically connected strong Kropina metric structures. However, the flat cylinder and
torus also admit such structures as will be seen.
In general, a locally Euclidean space M = Rn \Γ has a quasi-regular unit Killing field
if and only if there exists an isometry f = (A, (I − A)b + a) ∈ Γ, that is f : M → M ,
x 7→ f(x) = A · x+ (I − A)b+ a, where I is the identical linear transformation, a 6= 0 is
invariant under dΓ, b and a are orthogonal, and A 6= I has finite order. The corresponding
Killing field is dπ(0, a), where π : Rn → M is the canonical projection (see Theorem 25
in [5]).
We have
Theorem 8.9 Let (M,F ) be a strong Kropina manifold with navigation data (h,W ),
where (M = Rn/Γ, h) is a locally Euclidean space, Γ a free discrete subgroup of Isom(Rn, δ),
W a unit Killing field on (M,h), and p ∈M a fixed point.
(i) If W is quasi-regular, then p can be joined by an F -geodesic to any other point
q ∈M .
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(ii) Otherwise, p can be joined by an F -geodesic to other point q ∈ M if and only if
there exists r˜ ∈ π−1(q) such that 〈p˜r˜, W˜p˜〉 > 0, where π : Rn →M = Rn/Γ is the
canonical projection, p˜ and W˜ are corresponding in Rn to p and W .
We remark that in this case, since W is parallel, W⊥ is integrable distribution (see
Proposition 3.12).
We will consider in the following some special locally Euclidean spaces.
8.2.1 The Euclidean space
We have already introduced this case in Subsection 6.1. We only summarize here the
results.
Proposition 8.10 Let (Rn, F ) be the strong Kropina manifold with navigation data (h,W ) =
(δ, C), where δ is the canonical Euclidean metric and C = (C1, C2, . . . , Cn). For any pair
of points p, q ∈ Rn, we can join p to q by an F -geodesic if and only if q ∈ D+p := {x ∈
Rn : 〈x− p, C〉 > 0}, and by an F -geodesic from q to p if and only if q ∈ D−p := {x ∈ Rn :
〈x− p, C〉 < 0}. If q ∈ {x ∈ Rn : 〈x− p, C〉 = 0}, then we cannot join p to q nor q to p
by any F -geodesic.
Remark 8.11 It is trivial to see that in this case, the cut locus of a point p ∈ M is
empty.
8.2.2 The cylinder M = S1 × Rn
1. The Riemannian flat cylinder
Let us consider the flat (straight) cylinder M = S1 × R endowed with the canonical
metric h induced from (R3, δ).
We parametrize the surface M = S1 × R by
M = {(cosu, sin u, v) ∈ R3 : 0 ≤ u ≤ 2π, v ∈ R},
with local coordinates (u, v). Using the canonical embedding
x = cosu, y = sin u, z = v
we obtain the induced Riemannian metric ds2 = (dx)2 + (dy)2 + (dz)2 = (du)2 + (dv)2.
Hence the induced metric is the usual flat metric h =
(
1 0
0 1
)
.
We recall that the curves
(i) {v = v0 = constant} are called parallels. They are unit circles in R3;
(ii) {u = u0 = constant} are called meridians. They are straight lines in R3.
Since the metric h is flat, the h-geodesic equations are
(8.4) ρ(s) = (a1s+ p1, a2s+ p2),
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where p = (p1, p2) is the initial point of ρ and ρ˙ = a = (a1, a2) is the initial direction. The
unit length parametrization gives the condition (a1)2 + (a2)2 = 1. Regarded as curves in
R3, these h-geodesics are the helices
ρ(s) = (cos(a1s+ p1), sin(a1s+ p1), a2s+ p2) = (e(a
1s+p1)i, a2s+ p2).
It is in many cases useful to treat geodesics on M by using its universal covering
π : M˜ →M , (M˜ := R× R, h˜), where the h˜-geodesics are straight lines.
2. Kropina metrics on the straight cylinder
With same notations as above, we will consider the strong Kropina metric (M,F )
on the straight cylinder with navigation data (h,W ), where W is the unit Killing field
W (u, v) = A ∂
∂u
|(u,v)+B ∂∂v |(u,v), where A, B are real constants, A2+B2 = 1. The induced
flow is ϕt(u, v) = (u + At, v + Bt), t ∈ R. Regarded as a curve in R3, the flow reads
ϕt(cosu, sinu, v) = ϕt(e
iu, v) = (ei(u+At), v +Bt).
If ρ : (−ε, ε) → M , given by (8.4), is an h-unit geodesic, then the corresponding
Kropina geodesic is given by
(8.5) P(s) = ϕs(ρ(s)) = ((a1 + A)s+ p1, (a2 +B)s+ p2), (a1, a2) 6= (−A,−B).
Obviously, this is an F -unit speed geodesic.
∂D˜+p
D˜+p
p
W
ϕt(p)
ρ(t)
P(t)
Figure 8: The unit Killing vector field W = (0, 1) generated by a parallel translation
along the meridians.
In the universal covering we have W = (A,B) and W⊥ = (−B,A) (as vector field),
i.e. W ⊥ W⊥, and hence, for any h-geodesic ρ(s) with ρ˙(0) 6= −W , the corresponding
Kropina geodesic P(s) = ϕs(ρ(s)) must stay in the half plane, determined by the straight
line W⊥, that contains W .
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W⊥|2π
p˜ 2π u˜
v˜
W = (A,B)
W⊥|O
Figure 9: W and W⊥ on the universal covering M˜ of the straight cylinder.
Remark that
(i) the case (A,B) = (0, 1) gives a strong Kropina manifold generated by a Killing field
W generated by a translation along meridians (see Figure 8);
(ii) the case (A,B) = (1, 0) gives a strong Kropina manifold generated by a Killing field
W generated by a rotation along parallels (see Figure 10).
ϕt(p)
p W˜p
ρ+(t)
ρ−(t)
ρ(t) P(t)
Figure 10: The unit Killing vector field W generated by a spiral rotation
We obtain
Proposition 8.12 Let p˜ = (0, 0) ∈ M˜ , and q˜ ∈ M˜ , q˜ 6= p˜. Then
(i) If B 6= 0, then
(a) if q˜ ∈ D+p˜ = {x˜ = (u˜, v˜) ∈ M˜ : Au˜ + Bv˜ > 0}, then there exists an F -geodesic
from p˜ to q˜;
(b) if q˜ = (u˜, v˜) ∈ W⊥p˜ , then there is no F -geodesic from p˜ to q˜, nor from q˜ to p˜;
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(c) if q˜ ∈ D−p˜ = {x˜ = (u˜, v˜) ∈ M˜ : Au˜+Bv˜ < 0}, then there is no F -geodesic from
p˜ to q˜, but there exists an F -geodesic from q˜ to p˜.
(ii) If B = 0, then there exists an F -geodesic from p˜ to q˜, for any q˜ ∈ D+p˜ = {x˜ =
(u˜, v˜) ∈ M˜ : u˜ > 0}.
Indeed, in the case B 6= 0, trajectories of W are not closed curves and the conclusion
follows from Theorem 8.9, (ii).
If B = 0, we have |A| = 1, that is the flow of W is a rotation along the parallels. In
this case, all trajectories of W are closed curves on the surface of the straight cylinder
and hence the conclusion follows from Theorem 8.9, (i).
One should be careful at the following points when inducing the properties of F -
geodesics on the canonical strong Kropina space (S1 × R, F ) from those of F -geodesics
on the universal covering space M˜ . Even though on the universal covering space M˜ , the
statement (i), (b) in Proposition 8.12 holds, on (S1×R, F ) the following two cases occur.
For a point p ∈ S1 × R,
(i) if |B| = 1, for any point q ∈ π(W⊥p˜ ) there is no F -geodesic from p to q.
(ii) if |B| 6= 1, for any point q ∈ π(W⊥p˜ ) there are infinitely many F -geodesics from p to
q.
Corollary 8.13 Let (S1×R, F ) be the canonical Kropina manifold constructed above with
navigation data (h,W = (A,B)).
(i) If |B| 6= 1, then (S1×R, F ) is geodesically connected, i.e. we can join any two points
on S1 × R by an F -geodesic segment.
(ii) If |B| = 1, then there are points on S1 × R that cannot be joined by an F -geodesic.
In the case there is an F -geodesic P˜ from p˜ to q˜, we can determine explicitly the
initial conditions for P˜ .
Proposition 8.14 Let (M,F ) be a strong Kropina metric on the cylinder S1 × R with
navigation data (h,W ), and let p˜ = (p1, p2), q˜ = (q1, q2) ∈ M be two points that can be
joined by an F -geodesic P˜. Then P˜ has the initial conditions
(8.6)
{P˜(0) = p˜,
˙˜P(0) = 2〈Wp˜,p˜q˜〉||p˜q˜||2h · p˜q˜,
where p˜q˜ := (q1 − p1, q2 − p2).
Proof. Taking into account the equation of the h- and F -geodesics (8.4) and (8.5), re-
spectively, observe that q˜ is on P˜, that is there exists a parameter value s0 such that
q˜ = P˜(s0), if and only if {
(a1 + A)s0 + p
1 = q1,
(a2 +B)s0 + p
2 = q2,
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or, equivalently,
(8.7)
{
a1s0 = q
1 − p1 −As0,
a2s0 = q
2 − p2 −Bs0.
Taking now into account that (a1)2 + (a2)
2 = 1, the formulas (8.7) imply
s20 = (a
1s0)
2+(a2s0)
2 = (q1−p1)2+(q2−p2)2−2[A(q1−p1)+B(q2−p2)]s0+(A2+B2)s20.
Since W is unit, i.e. A2 +B2 = 1, the second order term s20 reduces and we obtain
(8.8) s0 =
(q1 − p1)2 + (q2 − p2)2
2
[
A(q1 − p1) +B(q2 − p2)] ,
or, equivalently, s0 =
||p˜q˜||2
2〈W,p˜q˜〉 , where we regard p˜q˜ := (q
1 − p1, q2 − p2) as the vector field
with origin p˜ and tip q˜ in the universal covering M˜ = R2.
By substituting (8.8) in (8.7) we obtain{
a1 = q
1−p1
s0
−A = (q1 − p1)2〈W,p˜q˜〉||p˜q˜||2 − A,
a2 = q
2−p2
s0
−B = (q2 − p2)2〈W,p˜q˜〉||p˜q˜||2 − B,
and hence a = (a1, a2) = 2〈W,p˜q˜〉||p˜q˜||2 p˜q˜ − Wp˜. Remark that is the initial condition for the
h-geodesic that is deformed by the flow of W into P˜.
Using now that
˙˜P(0) = ρ˙(0) +Wp˜ = a+Wp˜, the formulas needed follow immediately.
✷
Remark 8.15 It is important to remark that s0 in formula (8.8) in the proof above is
actually the F -distance between p and q.
3. The cut locus of a strong Kropina metric on the straight cylinder
We will consider the cut locus of a strong Kropina space with navigation data (h,W )
on a straight cylinder. The vector field W is a unit Killing vector field represented by
W (u, v) = A
∂
∂u
+B
∂
∂v
,(8.9)
where A2 +B2 = 1.
We consider the F -geodesics on the universal covering space M˜ = R×R of a straight
cylinder.
Fix p˜ = (0, 0) and consider the cut locus of F -geodesics emanating from p˜.
A generic unit speed F -geodesics P(s) on a straight cylinder can be written as
P(s) = (e(a1+A)si, (a2 +B)s), (a1, a2) 6= (−A,−B).
From (8.5), on the universal covering space M˜ this F -geodesic is represented by
P˜(s) = ((a1 + A)s, (a2 +B)s), (a1, a2) 6= (−A,−B).(8.10)
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Remark 8.16 1. The h-cut locus of p˜ = (0, 0) is the opposite meridian {u˜ = π}, i.e.
we can write Chp˜ = {(π, v˜) : v˜ ∈ R}.
2. The h-distance from p˜ to a point q˜ = (π, v˜0) ∈ Chp˜ is dh(p˜, q˜) =
√
π2 + v˜20 (the
Theorem of Pythagoras).
Theorem 8.17 Let (M,F ) be a strong Kropina space on a straight cylinder S1 ×R with
navigation data (h,W ), where W = A ∂
∂u
+ B ∂
∂v
, and let us denote by M˜ the universal
covering of M .
The F -cut locus of the point p˜ = (0, 0) ∈ M˜ is
(8.11) CFp˜ = {(π + A
√
π2 + v˜2, v˜ +B
√
π2 + v˜2) : v˜ ∈ R}
Proof. Since the cut locus of F is obtained by ”twisting” the h-cut locus by the flow
of W (see Corollary 7.5), we have q˜ ∈ CFp˜ if and only if q˜ = ϕl(qˆ), where qˆ ∈ Chp˜ and
l = dh(p˜, qˆ).
It follows q˜ ∈ CFp˜ if and only if q˜ = ϕl(π, v˜0) = (π + A
√
π2 + v˜0
2, v˜0 + B
√
π2 + v˜0
2),
where we have used l =
√
π2 + v˜0
2 (see Remark 8.16), and the flow action formula. As
set points we obtain the formula in the theorem.
✷
Let us consider some special cases in the following.
Corollary 8.18 Let (M,F ) be a strong Kropina space on a straight cylinder S1×R with
navigation data (h,W ), where W = ∂
∂v
, and let M˜ be the universal covering space of M .
The F -cut locus of the point p˜ = (0, 0) ∈ M˜ is
(8.12) CFp˜ = {(π, v˜ +
√
π2 + v˜2) : v˜ ∈ R} = {(π, v˜); v˜ > 0}.
In other words, the F -cut locus of any point p ∈ S1 × R is the half meridian through
the antipodal point of p.
Indeed, in this case we have (A,B) = (0, 1), that is the flow of W = ∂
∂v
through p is
simply a translation along the meridian passing through same point p.
Observe that the function ψ : R → R, ψ(x) = x + √x2 + π2 is continuous function
and ψ(R) = (0,∞). Therefore, if we denote ψ := v˜ +√π2 + v˜2, then
CFp˜ = {(π, ψ) : ψ ∈ (0,∞)},
that is the F -cut locus of p is the opposite half meridian.
Remark 8.19 1. This result is in concordance with Corollary 7.5.
2. Observe that in this case, the F -cut locus of a point p satisfies the properties in
Remark 7.2 from the classical case.
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Corollary 8.20 Let (M,F ) be a strong Kropina space on a straight cylinder S1×R with
navigation data (h,W ), where W = ∂
∂u
, and let M˜ be the universal covering space of M .
The F -cut locus of the point p˜ = (0, 0) ∈ M˜ is
(8.13) CFp˜ = {(π +
√
π2 + v˜2, v˜) : v˜ ∈ R}.
Indeed, in this case we have (A,B) = (1, 0), that is the flow of W = ∂
∂u
through p˜ is
a rotation along the parallel passing through p˜.
The F -geodesics which are emanating from p˜ = (0, 0) on M˜ are represented by
P˜(s) = ((a1 + 1)s, a2s), (a1, a2) 6= (−1, 0),
and (8.11) gives (8.13), that is a hyperbola (see Figure 11).
v˜
u˜−2π π 2π
W
p˜
−π
Figure 11: The F -cut locus in the case (A,B) = (1, 0).
Remark 8.21 Let us recall that meridians passing through p˜ are rays for the canonical
Riemannian metric h, that is they contain no h-cut points. It follows that the correspond-
ing F -geodesics, obtained by twisting the meridians by means of the flow of W = ∂
∂u
are
F -rays, that is they cannot contain any F -cut points. In particular, these are the F -
geodesics
P˜(s) = (s,±s), s > 0,
that is they are parallel to the asymptotes of the hyperbola u˜ = π +
√
π2 + v˜2.
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8.2.3 The flat torus
(a) An S1-action on the flat torus
In this section, we consider a flat torus
S
1 × S1 = {(z1, z2)|z1 = eθi, z2 = eηi, θ, η ∈ R},
with the flat canonical metric h = (hij) given by
h
(
(z1, z2), (w1, w2)
)
= z1w1 + z2w2,
that is,
ds2 = dθ2 + dη2,
(for details see for instance [9]).
We define an S1-action ϕt by
ϕt : S
1 × (S1 × S1) −→ S1 × S1(8.14)
eti × (z1, z2) 7−→ (e 1√2 tiz1, e 1√2 tiz2).
Putting
W(z1,z2) :=
(
dϕt(z
1, z2)
dt
)∣∣∣∣
t=0
,
we have
W(z1,z2) := (
1√
2
iz1,
1√
2
iz2).(8.15)
Since ϕt is an isometry and |W(z1,z2)|h = 1 it means that W is a unit Killing vector
field, and hence we can consider the Kropina manifold (S1 × S1, F ) constructed by the
navigation data (h,W ).
(b) The geodesics on the flat torus (S1 × S1, h)
Since the torus is flat, the differential equations of the h-geodesics are{
d2θ
dt2
= 0,
d2η
dt2
= 0.
On the flat torus, the h-geodesic ρ(t) = (eθ(t)i, eη(t)i) emanating from a point ρ(0) =
(eθ(0)i, eη(0)i) = (eb
1i, eb
2i) with the tangent vector ρ˙(0) = (dθ
dt
(0)eb
1i, dη
dt
(0)eb
2i) = (a1eb
1i, a2eb
1i)
is given by {
θ(t) = a1t + b1,
η(t) = a2t+ b2,
that is,
ρ(t) =
(
e(a
1t+b1)i, e(a
2t+b2)i
)
,(8.16)
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where (a1)2 + (a2)2 = 1.
(c) The cut locus of a flat torus. We will consider the cut locus of a flat torus
M = (S1×S1, h) on the universal covering space M˜ = R×R. If we denote the coordinates
of M˜ = R× R by (u, v), then the universal covering map π : M˜ −→ M = (S1 × S1, h) is
defined by
π : (u, v) −→ (eui, evi).
Let us consider the h-geodesic
ρ˜(t) =
(
a1t, a2t
)
, (a1)2 + (a2)2 = 1,(8.17)
emanating from p˜ = (0, 0) ∈ M˜ , that is the straight line passing through the origin p˜.
Let us consider the square S := {(u, v) ∈ R × R : 0 ≦ u ≦ 2π, 0 ≦ u ≦ 2π}. Since
the four points p˜=(0, 0), (0, 2π), (2π, 0) and (2π, 2π) are identified each other, the cut
locus is the set
Cp˜ := {(π, v) : 0 ≦ u ≦ 2π} ∪ {(u, π) : 0 ≦ u ≦ 2π}.(8.18)
Hence, we have
Proposition 8.22 Let (S1 × S1, h) be a flat torus. Fix p = ϕ(p˜) ∈ S1 × S1. The h-cut
locus of p is the set Cp = π(Cp˜).
Remark 8.23 It is clear from topological reasons that the cut locus of a point p on the
flat torus S1×S1 must contain cycles. Intuitively, by identifying the opposite edges of the
square, the cut locus closes and the cycles naturally come out.
v˜
u˜p˜ π 2π
π
2π
Cp˜
p
Cp
π−→
Figure 12:
(d) The geodesics of a strong Kropina space on a flat torus
We will consider F -geodesics of a strong Kropina space (S1×S1, F ) on a flat torus with
navigation data (h,W ). From (8.14) and (8.16), it follows that F -geodesics emanating
from (eb
1i, eb
2i) are given by the form
ϕt(ρ(t)) = (e
1√
2
ti
e(a
1t+b1)i, e
1√
2
ti
e(a
2t+b2)i)(8.19)
= (e
{( 1√
2
+a1)t+b1}i
, e
{( 1√
2
+a2)t+b2}i
)
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where (a1, a2) 6= (− 1√
2
,− 1√
2
). This condition is obtained from
ρ˙(0) 6= −W(eb1 ,eb2 ),
that is
(a1ieb
1i, a2ieb
2i) 6= −( 1√
2
ieb
1i,
1√
2
ieb
2i).
(e) The geodesic connected domain of a strong Kropina space (S1 × S1, F )
On the universal covering space M˜ = R× R, let us define a square
S(n,m) := {(u, v) ∈ M˜ : 2nπ ≦ u < 2(n+ 1)π, 2mπ ≦ v < 2(m+ 1)π}(8.20)
and denote a point (2nπ, 2mπ) by P(n,m).
On each square S(n,m), we identify the oriented segment
−−−−−−−−−→
P(n,m)P(n+1,m) with
−−−−−−−−−−−−−→
P(n,m+1)P(n+1,m+1)
and
−−−−−−−−−→
P(n,m)P(n,m+1) with
−−−−−−−−−−−−−→
P(n+1,m)P(n+1,m+1), that is we obtain a flat torus S
1 × S1.
On M˜ , the S1-action ϕ operates as
ϕ˜ : et × (u, v) 7−→ ( 1√
2
t+ u,
1√
2
t+ v)(8.21)
for any (u, v) ∈ M˜ , hence the Killing vector field W˜ is given by
W˜ = (
1√
2
,
1√
2
).(8.22)
It is not difficult to see that the projection of W˜ into S1 × S1 is a quasi-regular unit
Killing field.
It follows (see Theorem 6.3)
Proposition 8.24 Let (M˜, F ) be a strong Kropina space with navigation data (h, W˜ ).
For any point q˜=(u, v) ∈ M˜ , where u+ v > 0, there exists an F -geodesic emanating from
p˜=(0, 0) to q˜.
In other words, a strong Kropina space (S1 × S1, F ) on a flat torus is geodesically
connected.
Without loss of generality, we may consider the geodesics emanating from p˜=(0, 0).
From (b1, b2) = (0, 0) and (8.19), they are can be written as
P˜(t) = (( 1√
2
+ a1)t, (
1√
2
+ a2)t),(8.23)
where (a1)2 + (a2)2 = 1 and (a1, a2) 6= (− 1√
2
,− 1√
2
).
For any point q˜=(u, v) ∈ M˜ , u + v > 0, we will consider the F -geodesics emanating
from p˜=(0, 0) and passing through q˜. Then from (8.23) we get
(
1√
2
+ a1)t = u,
(
1√
2
+ a2)t = v,
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where (a1)2 + (a2)2 = 1 and (a1, a2) 6= (− 1√
2
,− 1√
2
). From the above two equations, we
have
a1t = u− 1√
2
t,(8.24)
a2t = v − 1√
2
t.(8.25)
Substituting the above two equations to (a1t)2 + (a2t)2 = t2, we have
(u− 1√
2
t)2 + (v − 1√
2
t)2 = t2.
The above equation can be changed as follows:
u2 + v2 − 2√
2
(u+ v)t = 0.
Since u+ v > 0, we get
t =
u2 + v2√
2(u+ v)
.(8.26)
Moreover, observe that from (8.24) , (8.25) and (8.26) we get
a1 =
u
t
− 1√
2
=
√
2u(u+ v)
u2 + v2
− 1√
2
,(8.27)
a2 =
v
t
− 1√
2
=
√
2v(u+ v)
u2 + v2
− 1√
2
,(8.28)
this is the initial direction for the h-geodesic that gives the F -geodesic joining the two
points.
Proposition 8.25 On the covering space M˜ = R× R of the flat torus (S1 × S1, F ), the
F -length of a Kropina geodesic emanating from p˜=(0, 0) to a point q˜=(u, v) is given by
u2 + v2√
2(u+ v)
.
We can now easily determine the cut locus of the strong Kropina metric F on the flat
torus. Indeed, taking into account that the h˜-cut locus is given by (8.18), then we can
apply Corollary 7.5 for each segment.
Indeed, let qˆ = (u0, π) ∈ {(u, π) : 0 ≤ u ≤ 2π} be a point in the h˜-cut locus of
p˜ = (0, 0). Then equation (8.26) implies that the F -distance from p˜ to qˆ is l0 =
u0
2+π2√
2(u0+π)
,
and hence the set of points {(u, π) : 0 ≤ u ≤ 2π} is transformed under the flow action
into
(8.29) {ϕ(u,π)(l0) : 0 ≤ u ≤ 2π} = {( u
2 + π2
2(u+ π)
+ u,
u2 + π2
2(u+ π)
+ π) : 0 ≤ u ≤ 2π}.
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Similarly, the F -distance from p˜ to a point in the set {(π, v)|0 ≤ v ≤ 2π} is l0 =
π2+v2√
2(π+v)
, and hence the set of points {(π, v)|0 ≤ v ≤ 2π}is transformed under the flow
action into
(8.30) {ϕ(π,v)(l0) : 0 ≤ v ≤ 2π} = {( π
2 + v2
2(π + v)
+ π,
π2 + v2
2(π + v)
+ v) : 0 ≤ v ≤ 2π}.
Proposition 8.26 On the covering space M˜ = R×R of a flat torus (S1× S1, h), the cut
locus of the origin is the set of points
(8.31)
CFp˜ = {(
u2 + π2
2(u+ π)
+u,
u2 + π2
2(u+ π)
+π) : 0 ≤ u ≤ 2π}∪{( π
2 + v2
2(π + v)
+π,
π2 + v2
2(π + v)
+v) : 0 ≤ v ≤ 2π}.
Rewriting Proposition 8.26, we have
Theorem 8.27 LetM = (S1×S1, h) be a flat torus. And let M˜ = R×R and π : M˜ −→ M
be a covering space of M and the covering map, respectively. Denote the vector field
generated by an S1-action ϕt
ϕt : S
1 × (S1 × S1) −→ S1 × S1
eti × (z1, z2) 7−→ (e 1√2 tiz1, e 1√2 tiz2)
by W , and the Kropina metric constructed by navigation data (h,W ) by F .
Then the F -geodesic P(t) emanating from p = π(p˜) of the Kropina space (M,F ),
where p˜ = (0, 0), is expressed by
P(t) = (e( 1√2+a1)i, e( 1√2+a2)ti)
where (a1, a2) 6= (− 1√
2
,− 1√
2
).
The F -cut locus of p is the set π(CFp˜ ).
9 Appendix.
9.1 Conditions for a Kropina metric F = α
2
β
to be projectively
equivalent to the Riemannian metric α
Let (M,F = α2/β : A −→ R+) be a Kropina space, where α = √aij(x)yiyj and β =
bi(x)y
i. We denote by the symbol (; ) the covariant derivative with respect to Levi-Civita
connection on the Riemannian space (M,α). The following notations are customary:
rij :=
bi;j + bj;i
2
, sij :=
bi;j − bj;i
2
,
sij := a
ikskj, sj = b
isij ,
r00 := rijy
iyj, si0 = s
i
jy
j, s0 := siy
i.
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The geodesic spray coefficients G
i
of a Kropina space (M,F = α2/β : A −→ R+) are
expressed by
2G
i
= γ0
i
0 + 2B
i,
where
Bi = −βr00 + α
2s0
b2α2
yi − α
2si0
2β
+
βr00 + α
2s0
2b2β
bi
and γj
i
k are the coefficients of Levi-Civita connection with respect to α.
We will get the conditions for the Kropina metric F to be projectively equivalent to
the Riemannian metric α. Suppose that the Kropina metric is projectively equivalent
to Riemannian metric α. Then there exists a function P on TM , which is positively
homogeneous of degree one with respect to y, such that
−βr00 + α
2s0
b2α2
yi − α
2si0
2β
+
βr00 + α
2s0
2b2β
bi = Pyi,(9.1)
(see [2] and [18]).
Transvecting (9.1) by yi, we get
−βr00 + α
2s0
b2
+
βr00 + α
2s0
2b2
= Pα2,
that is,
P = −βr00 + α
2s0
2b2α2
.(9.2)
Transvecting (9.1) by bi, we get
−βr00 + α
2s0
b2α2
β − α
2s0
2β
+
βr00 + α
2s0
2β
= Pβ,
and substituting (9.2) in the last equation, we obtain
−βr00 + α
2s0
b2α2
β − α
2s0
2β
+
βr00 + α
2s0
2β
= −βr00 + α
2s0
2b2α2
β,
that is,
α2(b2r00 − s0β) = β2r00.(9.3)
Since β2 is not divisible by α2, it follows that r00 must be divisible by α
2, that is, there
exists a function c(x) of x alone such that
r00 = c(x)α
2.(9.4)
Substituting (9.4) to (9.3), we have
c(x)b2α2 − s0β = c(x)β2.(9.5)
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Since c(x)b2α2 must be divisible by β and α2 is not divisible by β, it follows that c(x) = 0.
Substituting c(x) = 0 to (9.4) and (9.5), we have
rij = 0, si = 0.(9.6)
Then from (9.2) it follows P = 0. Lastly, substituting P = 0 and (9.6) to (9.1), we get
si0 = 0, that is,
sij = 0.(9.7)
From (9.6) and (9.7), we get
bi;j = 0,
that is, bi is parallel with respect to α.
Conversely, suppose that bi is parallel with respect to α, then we have B
i = 0, that is
Kropina metric is projectively equivalent to Riemannian metric α. Furthermore, we have
Gi = γ0
i
0.
Summarizing the above discussion, we obtain
Proposition 9.1 The necessary and sufficient condition for a Kropina metric F = α
2
β
to be projectively equivalent to the Riemannian metric α is that the vector field (bi) is
parallel with respect to α.
9.2 The condition bi;j = 0 in terms of the navigation data (h,W )
By a straightforward computation we have
rij = 2e
−κ
(
Rij − 1
2
W rκrhij
)
, sij = 2e
−κ
(
Sij +
κiWj − κjWi
2
)
,(9.8)
where W r = hrjWj , and ki =
∂k
∂xi
, and we put
Rij :=
Wi|j +Wj|i
2
, Sij :=
Wi|j −Wj|i
2
,
where the notation ”|” stands for the covariant derivative with respect to h.
Suppose that the equation bi;j = 0 holds, then
rij = sij = 0.(9.9)
Furthermore, from the equation bi;j = 0 it follows that b
2 is constant, hence the equation
b2eκ = 4 implies that κ is also constant. Since κr = 0, the equations (9.8) reduce to
Rij = 0, Sij = 0.
Hence we get
Wi|j = 0.(9.10)
Conversely, suppose that the equation (9.10) holds and that κ is constant, then the
equation (9.8) reduces to (9.9), and therefore
bi;j = 0.
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